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RESUMEN

Se describe un algoritmo de diferencias finitas en dos dimensiones para simular sondeos magnetoteliricos (MT)
y de variaciones magnéticas (VM). Este algoritino fue desarrollado con el objeto de comparar estudios de resis-
tividad aparente realizados con uno y otro método. Se considera una fuente de campo con geometria finita. Se
presentan resultados de una simulacién de este tipo de sondeos en Islandia para ilustrar las aplicaciones de este
algoritmo.

ABSTRACT

We describe a two dimensional finite difference algorithm for the simulation of magneto-telluric (MT) and mag-
netic variation (MV) soundings. The algorithm was developed in.order to compare apparent resistivity studies

" performed with these two methods. A source field with a finite geometry is considered. We illustrate an applica-
tion of our algorithm through a simulation of this kind of soundings in Iceland.

INTRODUCTION

In the interpretation of magnetotelluric (MT) and magnetic variation (MV) sound-
ings, one often faces the problem of having both lateral heterogeneities of conduc-
tivity and finite geometries of the source field. When simulating MV observations,
the plane wave approach is inadequate since the gradient of the horizontal magnetic
field is always null away from lateral inhomogeneities. In order to properly simulate
MT and MV observations when lateral inhomogeneities are present, we have devel-
oped a finite difference algorithm that solves the diffusion equation derived from
Maxwell’s equations and accounts for both the lateral discontinuities in conductivity
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and the finite geometry of the source. The solution is restricted to two dimensions
and to a current source flowing parallel to the strike of the geolectric discontinuities.
For simulating the source effect itself, we have based our formulation on the pre-
vious work of Price (1962). To investigate the effect of lateral heterogeneities we
utilized a finite difference approach (Jones and Pascoe, 1971) which, while not un-
like the approach of Hibbs and Jones (1973), accounts for the criticisms of William-
son et al. (1974).

The motivation of this study is in the first place the need to have a simulator of
MV measurements in order to better understand the field data. Besides, there is the
intuitive idea that MV soundings are less sensitive to shallow conductive bodies than
the MT ones (Kuckes, 1973a). With the help of our algorithm questions like this
can be clarified.

MATHEMATICAL FORMULATION

We consider a plane n-layered earth with electrical properties as shown in Fig. 1.
Within each layer, Maxwell’s equations hold and are given in the MKS system, by
(see for example Ramo, Whinnery and Van Duzer, 1965)

N

V- H=0 Q)

V. E=-iwH (3)
- ->

V x H =¢E @)

Where E and H are the electric and magnetic fields respectively, w is their frequency
and o and u are the conductivity and permeability of the medium respectively. Here
we have assumed an implicit time dependence of the form exp (iwt) and that the
displacement currents are negligible in comparison with the conduction currents for
the conductivities and frequencies considered, (we<<g).

From equation 3 we can write the diffusion equation as

»

V*E = iwuo}_f 5)
Assuming a constant source field in the y direction we can rewrite gquation 5 as
a*E,  dE,
-3 = lwpoEy ‘ 6)

ax? 9z2

-
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Fig. 1. N-layered one - dimensional earth for use in the magnetotelluric formulation.

The solution to equation 6 can be found using the method of separation of varia-
bles to obtain for thg J-th layer
Ey(x z,k) = Co[Aje"% + Bj&7jZ] cos(kx) )
where
% = (& + iwuo)'? ' (8)

and
z;<z<Zyy, ©)
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0; is the conductivity of the j-th layer, C, is a parameter that depends on the source,
k is the spatial wave number and Aj and Bj are constants to be determined.

Using equation 3 we can calculate the magnetic fields associated with the electric

field in each layer as
|

o= 1~ TAYiZ - BTYiZ
HX o Y [Aje iz BJ j%21Co cos(kx) (10)
and
H) = ~on [Aje”i* + Bj™}“]Cy sin(kx) (11)
Using equations 7 and 10 we define the surface impedance at the j-th interface as
Z' = EJ/H] (12)
and the characteristic impedance of the j-th medium as
i 1w
Z, = MO o =t 13
! 7 vkt icouo; (13)

Invoking the continuity boundary conditions of the tangential electric and mag-
netic fields along the top of the j-th interface we can develop a recursive formula for
the surface impedance given by (Hermance, 1978)

Zj + Zj-l tanh('yj_l de_‘)

Zj‘l = 7: - (14)
"1 7 tanh(y;, dzy) + Zi

This expression is then used to calculate the surface impedance at the earth’s sur-
face, Z', and the reflection coefficient due to the stratified structure given by
R = (Zo - Z')(Zo +7') (15)

where Z, is the characteristic impedance of the air.

We shall consider the effect of the electromagnetic field due to a line current. The
term C, in equation 7 accounts for the geometry of the source and has to be deter-
mined explicitly. Let us consider a homogeneous space of conductivity 6 = 0. The
horizontal component of the magnetic field, Hx, is calculated using Ampere’s law
for a line current of magnitude I, as

- o(Joy 2t ‘ (16)
297 (z-20)* +x*

wher (0, z¢) is the position of the line current and the field is given at the point (x,
z) as shown in figure 2.
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Fig. 2. Magnetic field due to a line current. The field is given by Ampere’s law.

From equation 10 we can express the horizontal component of the magnetic field as

_ 1 kz 17
H, = Tl k Co e *cos(kx) (17)

The general solution for Hx is obtained by summing all possible solutions of the
.form (17) over the allowable range of k, 0 < k < e. Then

N W
H, = wou { ke ™ Z cos(kx) Codk (18)

= 17‘:" - 2)/((z - 20} + %)

Using the inverse Fourier transform we notice that

Io (Z_ZO) IO o -k(Z-Zo)
_do M7 %) 0 _ 20 T, cos(kx) dk (19)
YRPEPR R I 0

Thus we can use the last two expressions to solve for Cy, ie.:
- iwu 1o kz )

FINITE DIFFERENCE SIMULATION

In order to solve equation 6 numerically we superpose a rectangular non-uniform
mesh to the model. The mesh is defined by a set of orthogonal straight lines whose
interceptions define a set of nodes. Each node has associated the electrical conduc-
tivity of the south-eastern rectangle next to it. .
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The spacings between nodes dxj = xj ~ Xj.; and dzk = zk - Zk. in the x and z
axes respectively are adjustable to the specific requirements of the model. The boun-
dary conditions at the extremes of the model and at the top nodal plane must be de-
fined explicitly. The three planes where the electric field is calculated are shown in
figure 3. Along the top nodal plane we use the analytical values of the electric field

© source boundary conditions

. . . .,
?—-——+ —-*fT“‘f‘“'TtT“‘?“‘ -

fo-popben - -

Fig. 3. Nodal mesh superposed to the model for fimite difference calcula’uons. Boundary conditions must be
given explicitly at the shown nodal lines.
and assume that the secondary field produced by reflections on embedded hetero-
geneities or non-horizontal contacts attenuates, and the electric field can be described
by the response of a horizontally homogeneous layered medium. Therefore we use
equation 15 to describe the reflection coefficient and this, in turn, to express the
electric field at the top nodal plane as

E(total = (1 - R) E(source) £20n
where E(source) is obtained from equations 7 and 20 as

-
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E(source) = - -l—w—zl-lﬂ—li"— e'k(z-zg)cos(kx) 22)

In order to calculate the electric field at the extreme vertical nodal planes we ex-
press the electric field within each layer in the general form

EL = Aje"j? + B (23)

Solving for the constants Aj and Bj in terms of the characteristic impedance of
that layer and the surface impedance at its bottom, we find the recursion relations

El |; = 494 + B9 (24)
_ - Zj+l j
Aj+1 2Zj+1 T |+t (25)
7" +Z;, ,
Bji1 Zm BTl (26)

where dz; are the'vertical spacings between horizontal planes. Thus, given the source
field and the reflection coefficient, we use equations 24 to 26 to explicitly calculate
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Fig. 4. General situation showing a node with adjacent media with different dimensions and electrical conduc-
tivities. . N
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the electric field at the vertical nodal planes at the extremes of the model, starting
at the uppermost node and propagating the calculations downward until reaching
the lowermost node. At the bottom of the model the boundary condition is that
the surface impedance at the last nodal plane is equal to the characteristic impedance
of the medium below (Z" = Z;,,,). These boundary conditions along with a five
point finite difference operator are used to solve the diffusion equation. In the gen-
eral situation depicted in figure 4, where the four regions around the nodal point P
have different conductivities, the following equation has to be solved

E, - (dy +dp) (Ey - E)/2dx6,
~ (dy +dp) (Eg - E,)/2dgB,
- (dy +dg) (Ey - E)/2dyB,
- (dy +dg) (Eg - E,)/2dgh, = 0 27)

where the function E represents the electric field at each of the five points and d,
dy, dy. and dg are the spacings between the nodal point P and the nodal points to
the east, west, north and south respectively and S, the electric polarization parame-
ter, is given by ‘

' Be = iwu(o,dydy + 05dydg + 03dgdy + oadydg)/4 (28)

0,, etc., being the conductivities associated to the rectangular regions as shown in
the figure. This operator was developed by Hermance (1976) and accounts for the
criticisms of Williamson et al. (1974) regarding the finite difference scheme of Jones
and Pascoe (1971). Our algorithm allows for irregular spacings between nodes as
well as for sharp conductivity changes across interfaces in the vicinity of each node.
Equivalent operators have been developed by Brewitt-Taylor and Weaver (1976) and
Praus (1976).

Care most be taken in the choice of the mesh size in order to resolve small changes
in amplitude due to the term

ekzcos(kx)
in equation 22.

In the horizontal direction the requirement is that the spacing between nodes is
much smaller than the spatial wavelength of the source, i.e.:
d; <<7y =29/k forallj (29)
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In the vertical direction we must consider the limitations in the layer of air and in
the layered earth separately. In the layer of air, the electric field attenuates and
reaches the value 1/e when z = 1/k meters. Therefore the nodal spacing must be
less than one quarter of that value of z. In the earth the skin depth places a restric-
tion on the vertical nodal spacing. In order to properly account for the skin depth
effect, we developed an expression considering the finite nature of the source from
equations 8 and 23. This expression is

5 = - 1 | (30)
(k* + (1)) cos(tar ! (29u0/Tk?)/2)

and reduces to the plane wave skin depth when k = 0.

Plots showing the variation of § as a function of k for the periods used in MT and
MYV experiments are shown in Figure 5 forresistivities of 1, 10, 100, and 1 000 ohm-m.
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Fig. 5. Skin depth (8) variation as a function of medium resistivity (0), spatial wave number (k) and period (T).

We have plotted the skin depth for three different values of the spatial wave number
which according to Price (1962), are in the interval of interest in magnetotelluric in-
vestigations. They are 1.57 x 1077m™, 1.57 x 10°m™, and 1.57 x 105 m™.
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Although as mentioned before, the general solution to the diffusion equation is
obtained by summing all possible solutions over an infinite range of k, we can crude-

ly approximate the line current by a source whose current density has a spatial dis-
tribution of the form

J = A(1 + cos(kx)).

This can be accomplished by superimposing two simple harmonic sources with
spatial wave numbers k; and k,. We set

k1=k

and let k, approach to zero (infinite spatial wavelengthj by assuming

k, << k;.

Figure 6 shows the horizontal component of the magnetic field of a line current at a
height of 100 km given by equation 16 compared with the approximation A(l+
cos(kx)), when k = 29 x 107°m™ (A =1 000 km).
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Fig. 6. Horizontal component of the magnetic field due to a line current at a height of 100 km, compared to the
approximation A(1+ Cos(kx); k=27 x 108m! (A =1 000 km).
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The superposition is performed in our simulation by solving the diffusion equa-
tion for each spatial wave number and then adding the corresponding values of the
electric field at each node of the grid.

Once the solution to the diffusion equation for the electric field is obtained, equa-
tion 3 is used to calculate the horizontal and vertical components of the magnetic
field at a particular row of nodes, usually at the surface of the earth. From equation
3 the magnetic field components are given by

- __1 O '
and . Hx iwu 0z (31)
- _ 1 9%E
H, = iwg  9x (2)

The derivatives of the electric field are calculated using finite differences. The ap-
parent resistivity as a function of frequency given by the MT method is then given
by (Cagniard, 1953, Price, 1962)

= 1 E , =1 |71p
with phase
0 = tan! (Im(Z')/Re(Z')) (34)

In MV the apparent resistivity is given as a function of frequency, in terms of the
complex inductive scale length, c(w), introduced by Schmucker (1970) and Kuckes

where __H
) = 57 (36)
with phase
6 = tan™ (Im(c(w))/Re(c(w))) (37
NUMERICAL RESULTS

In order to illustrate the application of our numerical algorithm, two models of the
Icelandic crust and upper mantle were investigated. This study has beén done in or-
der to determine the experimental parameters such as frequency, location of sites,
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etc., that minimize the effect of the conducting ocean surrounding the island. The
resistivity distribution in these models represents extreme electrical conditions under
which electromagnetic soundings would be performed in Iceland.

The models considered represent a north-south cross-section of Iceland as shown
in Figure 7. The location of the source is assumed at a height of 110 km above the
earth’s surface, 250 km to the north of the center of the island, and is oriented such
that the current flows in a direction parallel to the strike of the model. All models
consist of three layers each. Layer 1 has a resistivity of 0.3 ohm-m and represents
the ocean. Its thickness was determined from the bathymetry of Iceland. Immedi-
atly adjacent to the island it is 200 meters thick and 180 km to the north it reaches
a thickness of 1 km. To the south the maximum depth of 1 km is reached only 40
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Fig. 7. North-south cross-section of Iceland with the two models considered. The electrojetislocated at (-250 km,
-110 km). The normalized amplitude of the source electric field is shown as well.
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km away from the coast. Layer 2 has a resistivity of 10 ohm-m in model 1 and a re-
sistivity of 1 000 ohm-m in model 27 According to Bjornsson (1976) and Thayer et
al. (1981), these two values can be considered as representative of the two extremes
found for the resistivity of the Icelandic crust. This layer extends to a depth of 10
km and is underlain by a third layer having a resistivity of 50 ohm-m which repre-
sents the upper mantle beneath Iceland.

The simulation was performed at three different periods of 30, 300, and 3 000 se-
conds. In Figures 8 and 9 we show the absolute value of vertical and horizontal
components of the magnetic field, as well as the electric field, at the surface of the
model as a function of position for the two models under study, and for the three
periods considered. These plots have been made in arbitrary units keeping the rela-
tive amplitudes of the fields constant. We have also plotted these three fields for the
cases in which the ocean has been removed from the models considered and we have
only the two layer structure. It is important to recognize the difference between the
two models as far as the effect of the interfaces i$ less pronounced as in the case of
model 2 (Figure 9), where the resistivity of the crust is 1 000 ohm-m. This is due to
the fact that in model 1 the difference in magnitude between the induced currents
on both sides of the ocean-land interface, is less than in the case of model 2. This, in
turn, is due to the contrast in resistivity. The greater the resistivity of the medium,
the smaller the magnitude of the induced currents. For the horizontal component
this results in an attenuation of the field over the material with larger resistivity. The
vertical component at the interface increases a great deal because the induced cur-
rents in the ocean produce a much larger vertical magnetic field than the currents in-
duced inland. These can be noticed when comparing the vertical fields for the three
periods in the two different models. Model 1 has a smaller vertical component than
Model 2 at the interface at all three periods. Of course the larger the resistivity the
larger the magnitude of the electric field.

As we shall see in what follows, these effects combined give place to a substantial
difference between the apparent resistivity given by the magnetotelluric method
(equation 33) and the apparent resistivity given by the magnetic variation method
(equation 35). It is also important to note that the effect in the vertical magnetic
field increases with increasing period whereas for the horizontal magnetic field as
well as on the electric field, theslonger the period, the less pronounced the effect.
This may occur because the anomalous vertical magnetic field is a local effect of the
interface whereas the horizontal magnetic and electric fields carry the characteristics
of a broader induction process.
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In Figures 10 and 11 we show the apparent resistivity as a function of position as
given by the MT and MV methods. In Figure 10 the responses of model 1 (p(crust)
= 10 ohm-m) for the three periods considered are shown whereas in Figure 11 we
show the correponding resp onses for model 2 (p(crust) = 1 000 ohm-m). In these
figures we have also plotted, as continuous lines, the apparent resistivity for both
methods as given by the two layer model which results when the ocean is removed
from the structure shown. It is interesting to note that in this case the responses giv-
en by the two methods are essentially the same, this fact has been pointed out from
a theoretical standpoint by Schmucker (1970) and Kuckes (1973b). With increasing
period the MT and MV responses depart from each other at the extremes of the
model, this departure is caused by the lack of accuracy at the extremes of the nodal
mesh. Since the number of nodes in each direction is limited to 25, the shape of the
fields is not well resolved where there are a few nodes and their spacing is large. Due
to the limited number of nodes available we have concentrated most of them in the
center of the island and around the ocean-land interfaces.

From Figures 10 and 11 it can be seen how the period at which the measurements
are made and the resistivity contrast at the ocean-land interface determine the im-
portance of the ocean effect in magnetic soundings. For long periods and a large
contrast in resistivity, the situation represented in Figure 11, the edge effect is de-
tected across the entire island. Only at positions around its center, does the apparent
resistivity determined by the magnetic fields alone, coincide with that determined
by the magnetotelluric method. This is due to the fact that the vertical component
of the magnetic field is much more affected by the ocean edge effect than is the hor-
izontal magnetic field component or the electric field component. This can be seen
in Figures 8 and 9. As the period decreases, the effect of the ocean becomes less im-
portant in the interior of the island. However, when the crustal resistivity is large, as
is the case of model 2, the effect of the ocean is still important. This is a conse-
quence of the way in which the skin depth varies as a function of period for a given
resistivity. When the resistivity is large for the spatial wave number considered, the
difference between the skin depth at 3 000 seconds and at 30 seconds is only about
50 km, whereas when the resistivity is small, as is the case of model 1, this difference
is about 100 km. This is why the ocean effect is detected at distances from the
coast comparable with the skin depth.

We conclude that for locations within one skin depth from the ocean-land inter-
face, the apparent resistivity measured with the magnetic variation method is per-
turbed very strongly by the presence of the conducting ocean. In our modelling this
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effect is enhanced because we have determined the nodal spacings as a function of
the computer limitations such as storage, etc. The separation between nodes in the
horizontal direction may be too coarse to accurately calculate gradients of the elec-
tric field and the horizontal component of the magnetic field. It would be possible
to determine with more accuracy the region in the vicinity of the coast which is
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affected by the interface if we had the possibility of using more nodes in the grid.
Also we must keep in mind the limitations on this approach regarding its two dimen-
sionality. This implies an infinite structure in the direction of the strike and in a real
situation the surrounding ocean may produce three dimensional effects that we are
not accounting for.
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Fig. 11. Model 2 (4 = 1 000 2-m). Apparent resistivity responses for MV and MT methods given by the
finite difference algorithm. Solid lines correspond to the homogeneous two-layer model without the ocean.
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CONCLUSIONS

We have outlined a somewhat general algorithm for finite difference simulation of
the electromagnetic induction due to a finite spatial wavelength driving source field.
We applied this algorithm for the problem of induction in a homogeneous stratified
earth with embedded inhomogeneities in resistivity. The accuracy of the solution
depends strongly on the generation of boundary conditions and on the choice of
mesh size. We considered the case in which the electrojet is a superposition of two
simple harmonic sources and is parallel to the strike of the geoelectric inhomogenei-
ties. More work has to be done in order to solve the problem of simulating the in-
duction due to a source perpendicular to the strike.

Two models representing possible characteristics of the Icelandic crust and upper
mantle were investigated in order to give some insight into the effects of the con-
ducting ocean on magnetic and magnetotelluric soundings in Iceland.

It should be pointed out that the above results are approximate and qualitative to
some extent.
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