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RESUMEN 

EI fenomeno de mareas que ocurre en el Golfo de California tiene gran importancia debido a 
las gran des amplitudes de Ia parte norte. Ademas la generacion de ondas internas y la de
fleccion gravitacional del fondo, hacen el estudio de importancia. La inducciOn de la marea 
puede ser tomada en cuenta por dos mecanismos fundamentalmente diferentes: a) las fuerzas 
generadoras de mareas y b) la oscilacion periferica con el Oceano Pacifico. 

EI metodo descrito puede to mar en consideracion ambos mecanismos y no requiere 
despreciar metodos no lineales . En este trabajo se calcula la marea Ml para todo el Golfo 
como el primer ensayo. Los resultados se comparan con observaciones. 

ABSTRACT 

The tidal phenomena that takes place in the Gulf of California is of a great importance due 
to the big amplitudes in the northern part. Besides, the coupling with internal modes and the 
gravitational deflection of the bottom make the tidal study of importance. The tidal drive 
can be taken into account by two fundamentally different mechanisms; a) the tide 
generating forces and b) the peripherical oscilation with the Pacific Ocean. 

The method described here can take into account both mechanisms and also, it does not 
require neglecting non-linear terms. In this paper the M2 tidal constituent is computed for 
the GuU' as the first trial of the method. The results are compared with observed data . 

.. Instituto de Geofisica, UNAM, Instituto Nacional de Energia Nuclear, Mexico, Scripps 
Institution of Oceanography UCSD, USA . 
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I INTRODUCTION 

The Gulf of California is an almost closed region with accurately 
known topography, and since the tidal energy which enters through 
its open end can be determined with great approximation with 
modern instrumentation, (J. Filoux, 1970, 1971) it is possible, in 
principle, to compute the configuration of the tide within the Gulf 
provided one knows the dynamical interaction of the tide with its 
borders. Therefore, the Gulf can be used as a geophysical laboratory 
to study problems related to ocean tides. 

The tidal phenomena that can be studied by the knowledge of the 
tide are of subtle nature which are not only caused by the tidal 
forces, but also have an influence on its own propagation. Among 
them one can count the coupling of the tide with internal modes 
which occurs in basins deep enough as the Gulf and where the water 
is stratified. It is also important the self gravitational deflection of 
the sea bottom due to the loading of the Gulf. Therefore, the use of 
the Gulf in this sense requires accurate methods of calculation of the 
tidal propagation. It is the purpose of this paper to examine one 
method of such computations. 

The method used here allows the use of two fundamentally 
different mechanism of tidal driving; I) the gravitational forces acting 
in the entire Gulf and 2) the peripherical co-oscillation with the 
Pacific Ocean along the open boundary. 

It permits the inclusion of some non-linear terms which enables us 
to detect overtones which are, in some way, measure of tidal energy 
dissipation. 

II THE METHOD 

The hydrodynamic differential equations can be written in the 
following wa y: 

a) The equations of motion: 
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(I-a) 

(I -b) 

(I -c) 

x, y and z are the cartesian coordinates in the eastern, northern and 
zenithal directions respectively . 
U, v and ware the components of the velocity in the x, y and z 
directions respectively. 
R(x), R(Y) are the components of the friction in the x and y 
directions respectively . 
f = 2 w sin <{J is the Corio lis parameter, w is the angular velocity of 
the earth and <{J is the latitude of the point. 
g is the earth gravitational acceleration. 
~ is the deviation of the sea level from an undisturbed ocean. 
p is the density , 
F(x) and F(Y) are the component of the tide generating forces in the 
x and y directions . 

du a u au au 
-= - + u-+u -
dt at ax ay 

du au au av 
+ u- + u-

dt a t a yay 

The following assumption is made with respect to the friction 
terms, (S. H. Lamb, 1935) 
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Where A is the eddy viscosity coefficient. 
The equations (1) are now integrated from the bottom z = -h (x, y) 

to the sea level z = ~ (x, y, t). The integration is explained by 
Brettschneider, (1967) and Grijalva (1971). The following relations are 
considered valid: 

1 St au a 1 st au - - dz - - (- u dz) = -
H -h at - a t Hat 

-h . 

I it a u a I it au - -dz =-( - udz)=-
H ax ax H ax 

-h -h 

_I-S!" au dz = _a_ ( _1_ it 
H ay ay H 

-h -h 

au 
u dz )=

ay 

and similar expressions for v. Then: 

I St au au au - (u - +v-)dz =U - + 
H -h ax ay ax 

1St au au aY - (u- + u - )dz = U-+ 
H ax ay ax 

-h 

aU y-
ay 

av y-
ay 



GEOFISICA INTERNACIONAL 17 

where H = h + r is the instantaneous depth and 

U= ~i~ u dz V = ~ I!" u dz 
-h -h 

Equations 1 become: (2 -a) 

- + U - + V - + - Au -d z + Ah V2 U - fV+ g - = F (x) 
aU au aU 1 I!" a2u ar 
at ax ay H -h az2 ax 

(2 -b) 

- + U - + V - + - Au-dz + All V2 V + fU + g-= F(Y) 
av av aV 1 f.r a2v ar 
at ax ay H -h az2 ay 

ar () a 
-+~(HU) + - (HV) = 0 (2-c) 
at ax ay 

f au]r [ au]r Au- Au-
az -h aZ-h , 

are the tangential frictional forces on the surface and the bottom of 
the sea. The friction term on the bottom is taken proportional to the 
mean velocity square: 

rAu au]=c vU2 + V2 U = RHU 
[az 0 

z = -h 

fAu av]=c VU2+V2 V= RHV t az 0 
z = -h 

Co is a dimensionless coeffIcient, whose range of values, according to 
estimates of several authors (Taylor, 1919), (Grace, 1936); (Bowden and 
Fairbairn, 1952), 

is 21.3 x 10-3 ~ Co ~ 0.28 X 10-3 

The value of the friction on the surface is not taken into account 
because this paper deals only with tides. 

Equations (2) now become: 
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au aU au as 
-+U-+V- +RU-Ah\72U-fV+g- =F(x) (3-a) 
at ax ay ax 

av av av a~ 
-+U-+V-+RV-Ah\72 V + fU+ g-=F(Y) (3-b) 
at ax ay ay 

as a a 
- + - (HU)+ - (HV) = 0 (3-c) 
at ax ay 

To solve these equations the following boundary values will be us
ed: 

l) The component of the velocity nonnal to the coast is zero. 
2) Along the boundary that lies on the open sea, the values of S are 

known at all times. If the viscosity terms were taken into account, 
another boundary condition is needed. Furthennore, the values of the 
derivative of the velocity nonnal the border are the set equal to zero. 

The first boundary condition I) (Dirichlet condition) does not 
yield a description of the physical phenomenon. It would be more 
appropriate to set, as boundary condition, the amount of energy dis
sipated along the coast. This amount is not yet known and therefore 
could not be used. The condition I) used can be regarded as an 
approximation to the physical phenomenon. 

III THE M2 TIDE IN THE GULF OF CALIFORNIA 

3.1 PRESENTATION 

The first computations carried out in the Gulf were the correspon
ding to the M2 tidal constituent. In the computations the advective 
tenns and the tidal generating forces will not be taken into account. 
Therefore, equations C3-a), (3-b) and (3-c) become: 

au as 
-+ RU-fV+ g - =Ah \72 U 
at ax 

(4 -a) 
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av a~ 
-+ RV + fU+ g - = Ah \/2 V 
at ay 

(4 -b) 

a~ a a 
- + - (HU) + - (HV) = 0 
at ax ay 

(4 -c) 

The boundary conditions remain the same. 
Equations 4 will be transformed into finite differences equations 

which are related to the grid net shown in figure 1. 
One can distinguish three pivotal points: 

x where the velocity U is computed 
. where the velocity V is computed 
+ where the sea level is computed. 

Following this pattern equations 4 become: 

VIHtt.t1=(f_Q)ttl)V(tl -2~t.f.utl _ ~t.9(~(tHtl_;"(t+At))+2~t.FlIltl 
(I,J) (I,J) (I,JI (I,J) 1 l"'II,Hl) )'(I,J-lI (r,J) 
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Q~(t) = 2 C .6tf'(U't) )2+ (V lt ) )2J t/2(H(ttAt))-t 
(l,J) D ~ ll,J) (1,J) U(I,J) 

Q!l(t) = 2 r ,0.t[(u(t\ )\ rv(t) )2J t/ 2(H(t>At))-l 
(I,J) -0 ll,J) L (I,J) V(l,J) 

~(t) _ U lt ) i-ex: (U(t) ult) U lt \ U ltl J -ex +-- + + + ~I,J) (1,J) 4 (l.z,J) (I-2,J) (I,Jn) l l,J-2) 

~Itl vlt ) 1- ex: (V(t) V l l ) vit I V 1t ) J =ex + + + + 
V(I,J) (l,J ) 4 (r. 2 .J) (l-Z ,J) (J,J'2 ' (l,J-z) 

3.2 STABILITY OF THE NUMERICAL COMPUT ATlONS: 

A necessary condition for the stability of the computations is the 
Courant, Friedrich-Lewy condition: 

1\ < ,0. x tw ut -------=~-=~--------

..j ghm [(L,X)2 + (L,y)2 

In the present paper L, x = 6y then (7) becomes : 

L 
6t<-----

L = 6x = 6y h is the maximum depth. , m 
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This condition is valid for linear systems but as the system here is 
quasilinear it is possible to use it. This has been proved in many 
computations. 

3.3 THE NUMERICAL COMPUTATIONS 

The computation grid net 

The Gulf of California was covered by a grid net as shown in Fig. 1, 
the distance between two U, V or ~ points was constant 7000 m. The 
net consisted of 1387 U points and the same amount for V and ~ 

points giving a total of 4161 computing points. The boundaries follow
ed the coastline along Baja California, Sonora and Sinaloa and an 
artificial boundary was set from Punta Arenas to Lucernilla. The di
mensions of the model are shown in Fig. 2. 

Depths 

The depths were averaged around each U and V points from the 
charts published by the U. S. Navy Surveys Nrs. H0620, 621 and 
622. 

Boundary conditions 

The boundary conditions along the coast were that the velocity 
componen t normal to the coast is set zero. Along the artificial boundary 
from Punta Arena to Lucernilla, (see Fig. 2); the values for ~ were pre
scribed: 

r= A cos ( a t - X) = r, cos at + r 2 sen at 

The values for A and j( were'interpolated linearly from observations 
in La Paz, Topolobampo and Mazathin. For Punta Arenas the values 
were A = 0.29 m and X = 2760

; for Lucernilla A = 0.37 m and X = 
2860 (X is referred to meridian 105 West of Greenwich). 
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Initial conditions 

At the beginning of th.e computation the values of U, Y, and ~ were 
set equal to zero, or in other words, the sea was at rest. Then the values 
along the southern boundary were increased from zero to their real val
ues. Stability was reached after 5 periods, (Grijalva, 1971). 

Constant values used for the computation 

a) The Coriolis parameter f = 2 w sin I{) was computed for every 
point. The angular velocity of the earth was: w = 72.92 X 10-6 sec· l 

(sideral time) 

b) The earth gravitational acceleration 
g = 9.81 m/sec2 

c) The pivotal distance 2 L = 14000 m · 

d) Timestep 2.6.t = 57 sec 

The maximum depth in the Gulf is 2800 m, the Courant, Frie
drich, Lewy criterium was fulfilled 

2L 
2.6.t = 57<---- = 59.731 sec 
~ 

e) The drag coefficient was taken as follows: 
In the first computation, it was given the value 
CD = 0.003, in the second the value was 
CD = 0.0045 

3.4 THE COMPUTER PROGRAM 

The computations were carried out in a CDC 3600 Electronic 
Computer in the University of California, San Diego. Three computa
tions were completed. 
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a) All the values were taken in account as described in 3.3, the 
drag coefficient was = 0.003 

b) All the values were taken in account as described in 3.3 , but 
the drag coefficient was = 0.0045 . 

c) The new drag coefficient = 0.0045 was used but the amplitudes 
in the opening, prescribed as boundary values, were reduced in 20%. 

The programs were written in FORTRAN 63 . 
It took the computer five tidal periods to establish the regime. Af

ter this, phases and amplitudes were printed for every 14 time steps. 

3.5 RESULTS 

As the computations were carried out by a time steping technique it 
was easy to take the values of the sea level and the water velocities at 
a given time, then taking the values at a closed period (t = T, 2T, 
3T . .. 5T) and a quarter of a period later, phases and amplitudes were 
computed . The results are then shown as cotidal and corange lines 
and also lines showing lines of equal values of ~ , and ~ 2 values. The 
process of the tide is shown in five points, and the currents are 
shown in five selected points during a period. 

3.5a Propagation of the tide 

In Fig. 3 it is seen the amplification of the tide in five different 
points (see Fig. 4). Point E and point D lie relatively near the open 
boundary. Here the tidal curve begins to show in the first quarter of 
a period. The amplitudes are small; in point E is ne:1r 30 cm as in the 
boundary. Points C, B and A lie north of the islands. Here the tidal 
curve begins to be noticed only in the second quarter of the first 
period in points C and B and in the thirth quarter of a period in 
point A. The amplitudes in these three points are remarkably bigger 
than in the first two. In points A, Band C, the regime has not been 
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completely established. It is possible to observe that north of the 
islands the amplitudes grow very rapidly. 

3.S.b Phases and amplitudes 

Figs. 5, 6 and show the amplitude and phases computed for the 
three computations. In all figures some features are similar, and only 
details are different. Both the amplitudes and the phases show the 
characteristics of a Kelvin wave. The boundary conditions were such 
that simulate such a wave in the open boundary. This wave propa
gates inside of the Gulf first decreasing in amplitude and then north 
of the islands the amplitude grows from 50 cm to some 400 cm. In 
the southern pan the amplitudes decrease down to 5 cm but an aphi
dromic point is not clearly shown. Around the islands, the amplitudes 
grow rapidly up to the northern part where the water piles up due 
both to the shallow areas and also to resonance effect. See Krummel 
(1911). This effect can be noticed also in the phases. The phase delay 
between the en trance and the northern top reaches some 1800

• 

The phases also show the Kelvin wave at the southern boundary, 
this picture is totally changed in the region of the islands and the 
northern part where due to the bottom topography, the cotidal lines 
are alterated. Figure 6 shows similar characteristics as Fig. 5; the in
fluence of the friction seems to be more important along the edges 
and in shallow areas as the northern part. Here the amplitudes do not 
grow as big, but only reach 360 cm. The change in phases is small 
and can hardly be noticed , also here the phase delay remains of 1800

• 

The main changes have occurred here, as expected in shallow areas 
and along the edges. Fig. 7 shows the results of the thirth compu
tation. The amplitudes are now smaller than before. A reduction of 
20% is expected, but due to the non-linear terms taken in account 
the reduction is of 25% in some places and of 14.5% in other as, for 
instance, in Puerto Pefiasco. The effect of the non-linearty can also be 
seen in the phases, as usual , along the coast and in the shallow areas 
north of the islands. The phase delay is again of 180u , see Hander
shott and Speranza (1971). Fig. 8 shows the values of ~, and ~ 2 (See 
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3.3): here ~, are the values of the sea level at a close period and ~2 
are the values of the sea level a quarter of a period later. The values 
of~, show a picture of a wave entering the Gulf with a wave front 
perpendicular to the Gulf axis and propagating in this direction from 
-20 cm to 280 in the north. For ~2 the picture is completely chang
ed. There is first an increase of values up to 67 cm and in the very 
top the values are negative. This agrees with the phases where it is 
shown that high water occurs first in the northern Sonora coast than 
in the Baja California side. This is to be expected due to the bottom 
topography. 

3.5.c Tidal currents 

Currents were plotted every 14 time steps in points A, B, C, D and 
E, the results are shown in Fig. 9. The currents are almost all of the 
alternating type, see Grijalva (1964), in point A, the bigg~st values are 
shown, almost a knot in each direction . Here the tidal ellipse turns 
clock wise. Point B shows smaller values of about 0.25 cm/sec in 
each direction. The currents are almost completely alternating, but it 
is still possible to see that it rotates in the clock wise direction. The 
currents in point C are stronger than those in point B, but one can
not see in which direction they rotate, they are completely alter
nating. 

Points D and E are small currents of some 15 cm in value point D 
the ellipse rotate in the clock wise direction but in point E the 
currents rotate in the counter clock wise direction. Point E lies in 
very deep water and points A, B, C and D lie jn relatively shallow 
water, specially point A, and the sense in which they rotate is a con
sequence of the passing Kelvin wave, the Coriolis parameter and the 
depth of the point. (Larsen, 1966), (Isaacs et aI, 1966). 

3.S.d Comparison whit observations 

There exist five tide gauges in the Gulf of California, they are located 
in La Paz, Bahia de los Angeles, Puerto Penasco, Guaymas and Topo-
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lobarnpo. They are located in protected areas and are used mainly for 
harbour work, the local effects are big, but in lack of better informa
tion, they were used to compare with computations. Table I shows 
the comparison between observed and computed values. The best co-
rrelation was obtained, as expected in La Paz and Topolobampo. Ta
king in account the paper by Ayala C. y Phleger (1966), there is a 
phase delay between Topolobampo and the open Gulf of about 15°. 
This could be the same for La Paz. In the northern part it is found 
good agreement in phases, but not in amplitudes, as in Bahia de los 
Angeles and Puerto Penasco, in both places the phases are reproduced 
very well, but the amplitudes compare very poorly. One can see a 
standard deviatio? of the tide, in the southern part one obtains good 
agreement with observations and the change of boundary values does 
not affect the results very much. In the northern part the picture is 
different, here a small change in the boundaries brings a big change in 
the results. This might be due to the fact that the northern part of 
the Gulf has a period of free oscillation similar to the vibration in
duced by the M2 wave, also the shallow areas make the water to side 
up which causes the effect mentioned. 

FINAL REMARKS 

The method presented here is a good tool to work this kind of 
computations. It might be that the results could be improved by 
three different techniques: 

a) Taking better boundary values; the values taken in these compu
tations were observed in protected areas where the representation of 
the real tidewave becomes doubious due to local effects. The best 
would be to have observations in the actual boundaries. 

b) Include in the equations all non-linear terms. Actually equa
tions 4 are a simplification of equations 3. Some of the terms were 
dropped. These terms are important in some areas, like the region of 
the islands where sharp bending of the tide occurs, see Brettschneider, 
(1967). 

c) It is also important to compute some 0f the tidal components 
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at the same time, the non-linear interaction of the components of dif
ferent frequencies introduces terms which might give a clearer picture 
of the energy absorption along the shallow areas. 

Nevertheless, a good picture of the propagation of the tide was 
obtained. The method seems to work in the Gulf of California as it 
has worked in some other areas, like the North Sea, see Hansen, 
(1962), The Persian Gulf, Von Trepka, (1967), The Gulf of Mexico, 
Grijalva, (1971) and also bigger areas like the Atlantic Ocean, Frie
drich H. (1967) . 

Fig. 1 Gulf of California, The Net Grid (Mercator Projection). 
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Fig. 2 Reference Chart. 
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Fig. 3 Gulf of California, Position of Selected Poin ts. 
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Fig. Sa) First computation, Amplitudes 

5b) First computation, Phases (referred to Meridian 105 W of Greenwich) 

Fig. 6a) Second computation, Amplitudes. 
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6b) Second computation, Phases. 

Fig. 7a) Thirth computation, Amplitudes. 

7b) Thirth computation, Phases. 
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Fig. 8a) Thirth computation, ~ 1 values (see text 3.3) 

I L __ _ ___________________________________________________________ J 

8b) Thirth computation, ~ 2 values (see text 3.3) 
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POINT B POINT C 
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Fig. 9 Tidal currents in selected poin ts. 



GEOFISICA INTERNACIONAL 33 

TAHLt:: I 

COMPUTt::D 

Obi Values I'i'rst Secolld Third 

PUt::Rl'O Pt::NASCO 

A 1.57 2.80 (185) 2.5R (170) 2.16 (140) 
PH 590 72° 6R" G5° 

GUAYMAS 

A 0.14 0.35 (250) 0.28 (200 0.21 (150) 
PH 3120 25 0 140 130 

TOPOLOBAMPO 

A 0.30 0.25 (83%) 0.27 (90%) 0.20 (67%) 
PH 2980 3100 3050 3()9° 

LA PAZ 
A 0.24 0,20 (83%) 0,22 (92%) 0,17 (70'7u ) 
PH 2740 30 10 3020 301 0 

BAHIA DE LOS ANGELES 

A 0,66 104O 1.35 1.10 
PH 620 720 620 660 

YAVAROS 

A 0,22 1 0,25 0,28 0,22 
PH 3040 3490 3450 3470 
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