
COMPUTA TJONS USING A SIMPUFIED THEORY OF 
MUL Tf PLF Lt'AK Y AQUJFh'RS 

RESUMEN 

ISMAEL HERRERA* AND 
U:OPOLOO lWDAR'f.E** 

Se hactln algw1as aplicac1011es del sistcma de ccuaciones difensnuales dcsarrollado por 
Herrera y Figueroa (1969), He rre ra ( 1970) para arnifcros scrniconfi11ados mulliplc s. Las solu
ciones as, obtenida,; se 1.:o mpararo11 con algunas sohu.:ioru,s exactas Jispunihlt!s, cw.:ontJ·andos., 
una coincidencia muy satisfactoria cntrc amba., para lodo s los til.·.mpos en los cualcs la inwrav 
cion c11trt: los acuifcros cs signifo.:ativa . 

ABSTRACT 

Computations an, earned out using U1t' simplified differential system developed by Herrera 
and Figuero:i (1969) , Ikrrnra t 1970) for n1ullipk leaky aquu·as. v .. ry good .1gr,.;1.·111t:111 w,u, U,c 
e xact solutions was found, in all th ..: 1angc.s ,)f 1,m., for wlud1 mlcra.:lion between the Jqutfcrs 
is relevant. 
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GEOFISICA INTERNACIONAL 

NOTATIONS 

Thickness of ith aquifer, L; 

Thickness of the aquitard, L; 
K'/Tib' ; i = I , 2; L- 2

; 

00 

1+2 [ »·n21r21·, f "' memory unction 
n= I 

Auxiliary fum:tion given by equation (4 2) 

00 

l + 2 [ (- I )n e- n 2 n 2 f , influence function; 
n=J 

Permeability of ith aquifer, L/T ; 

Permeability of the aq uitard, L/T ; 
Pumping rate from aquifer 1, L3 /T ; 
Radial distance to the pumping well, L ; 
Specific storage of ith aquifer L- 1 ; 

Specific storage of aquitard L- 1 

Storage coefficient of ith aquifer (Ssibi) ; 
Storage coefficient of aquitard (S'5 b') 

Drawdown in ith aquifer, L; 
Drawdown in aquitard, L ; 

Transmissibility of ith aquifer (Kibi), L2 /T ; 

Time, T; 
Dimensionless time (<fl/b' 2 ) ; 

2 Joo dy 
W ( ~ , ri ) = -;-- exp (-y-1]_). The well function for leaky aquifers. 

4y 
t 

l 
w(r,t,Ci) = -

1
- exp 



W ·. t>FISICA INTERNACIONAL 73 

x, y, z coordin;1les , L: 

J\+ s· 

f, ( l' ) Dirac\ lklla function 

W(lf',t') Auxiliary fund 1011 given by ( 2. 4. c ) 

I. INTRODUCTION 

In previous papns (lkrrera and Figuaoa , 1969; Herrera, J<)70J a 

method of uncoupling the syskrn or partial diffaential equations go

verning the flow in multiple systems of leaky aquifrrs , wa:-, devt'lopL'll. 

Essentially what was done, was to transform the sysll'111 or differen

tial equations into a system of integro-differential equations, in wliil:h 

the integrals involved 1.:an be interprelt'.d as rh1.· mnnory of the :-ys

tern. Then, by suitable approximations, an uncoupled system of dif

ferential equations was obtained. 

It is clear, that, when they arc applicable, the above results can be 

used to simplify the numerical methods available (Javandel and Wit 

herspoon, 1968 a, 1968 b, and I 969) because in that manner one t>f 

the independant vari.ibles of the probkm is eliminated and conse

quently, the size of the matrices involved is fl'Uu1.·ed. However, thesl' 

results are based on the approximation or the memory function f by 

a Dirac's delta function and the· inlluence function h, by a Jleavisidt' 

unit step function; conseq uently, the range of applicability of the 

method is not unlimited. 

It has been shown previously, that the approximation of the ml'

mory function by the delta function is equivalent to llantus;h's appro-
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ximation for long times and a brief discussion of its range of appli
cability is already available (Neuman and Whiterspoon, 1970; Herrera 
and Figueroa, 1970). In this paper, we present some of the results we 
have obtained using the approximate system of differential equations, 
for a two aquifer system. Our conclusions can be summarized as fol
lows: For all the cases considered, the results obtained using the 
equations of Herrera and Figueroa ( 1969 ), and Herrera ( 1970), agree 
very well with those obtained using the exac t equations, in a range of 
times whose lower limit is much smaller than the time at which the 
influence of the unpumped aquifer on the pumped aquifer, begins to 
be noticeable. It seems therefore, that the approximation of the in
fluence function h, by a unit step function is quite suitable. We con

clude that the method of Herrera and Figueroa ( 1969), Herrera ( 1970) 
can safely be applied in a range of time which is not limited by 
above, and whose lower limit is the same as that for the range of 
applicability of the approximation of the memory function by a delta 
function . This limit in turn , is the same as that for Hantush's long 
time approximation (Herrera and Figueroa, 1969), which has been 
shown (Herrera and Figueroa, 1970) to be much smaller than Han
tush had anticipated. 

Although, the simplified system of differential equations can be 
used safely in the range indicated above, it would be desirable to de
velop a simplified method of more general applicability. The above 
results indicate that to achieve this, attention can be restricted to im
prove the approximation of the memory function and work to this 
end is under way (Herrera and Rodarte, 1973 ; Rodarte , 1973). 

2. INTEGRO-DIFFERENTIAL EQUATIONS GOVERNING THE 

MOTION 

For the case of the two aquifer system illustrated in figure l, the 

exact integro-diffcrential equations of motion (Herrera, 1970 ), for 

problems with axial symmetry can be written as: 
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as~· . I + 
a r2 

= 

r 

i) Si 

at 

+ 

i = I , 2 

and [Herrera and Rodart e, 1973] : 

s' (r,z,t) = lt - ~ s_i_ (r, z , l- 'f ) u (/ , r) cl r + 
r) t 

t O f 1:_2- (r,z,t·-r)v(z ,r )d r 

0 

where 

u ( z, t ) = w( t t' ) 

(X) 

w(L t, ) = I- t- 2 
- 11 2 1r l t ' e 

n rr 

v ( z, l ) ::.: ll ( b '_ z 'l ) 

and 

On the other hand 

75 

(t-r )d r 

(2. I .a) 

U. t.b) 

( 2.2.a) 

sin n rr I; ( 2. 2. b) 

(2.2.c) 

(2.2.d) 

(2 .2.e) 

(2.3.al 

(2.3.b) 



76 

where 
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00 

f(t')=1+2 
n=J 

= 2 2 , 
\'(-l111e-nrrt 

h (t , ) -= 1 + 2 L ' 
n= I 

(2.3.c) 

(2.3.d) 

(2 .3 .c) 

Herrera and Figueroa ( 1969), Herrera ( 1970), Herrera and Rodarte 
(197 3 ), have approximated the functions f and h by: 

f (t') ~ 1 + o (() /3 (2.4 .a) 

h(t')~H (t'- 1/ 6) (2.4.b) 

where o and H are respectively Dirac's delta function and 

Heaviside unit step function . 

When these approximations are used equations (2 . l) 

become 

a2 si 1 asi asi 
-- + - - - - C Si+ C.~1· (r,t-t*) = 
O f 2 r O f I I O'.j C O t 

i = l, 2 j ::;,!: i (2.5) 
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where 

t * :..:: ( 2.6) 

To carry numerical computations, by use of ml'lhocls such as the 

finite element method, equations (2 5) are much easia to handle 

than the original syskm of partial differential equations, because they 

are uncoupled. 

3. THE WELL PROBLEM 

We consider the probkm of an isolated steady well wlll'.n only aquifer 

is being pumped. In this caSL' , equations (2.5) must be suplnnented 

by the boundary and initial conditions: 

s1 (r , 0) = 0 

Jim r 
,+O 

dS2 
lim r -- · -- = 0 
r-+O cl r 

S1 ( 00,t) = O; s2 ( 00,t)=O 

4. SOLUTION OF THE Wl:LL PROBLEM 

(3.1.a) 

(3. l .h) 

(3.1.c) 

To check the accuracy of the method, we have compared the solu

tions of the system (2 .5 ) and (3 . l) whit those uf the exact system (Neu

man and Witherspoon, I 9(>9 a , 19(19 h ). 

We have obtained analytical solutions. In Appendix, it is shown that 

they are: 

Q { r2 .,,12 
s 1 (r,t) = ··

4
-·-rr ;l· ;·

1

···· W( ,l1 r) 
40'., J l 
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n=N1 n n ft C1 C2 
Ln, (n - 1)! 
n=I lnt• 

tn - 1F } 
- ---- -- --- (r , r -- 2nt*) d r 
ac~ ac1•- 1 

(4.1.a) 

Q n[=N2 C~ ctl ft (!111 
s2 (r,t) - 411 T1 -(n! --:-)"i"-- a en acn F (r, r -- [2n + l Jt*)dr 

n=O (2n+J)t• I 2 

(4.1.b) 

where N I and N2 are chosen as the largest integrers that make the lo

wer limits in the integrals smaller than the upper limits. On the other 

hand 

F (r, t, Ci, Ci) = e --

r2 

(4.2.) 

if a,.> ac If ac < a,. , F is also given by (4.2) except that the 
"'I 2 · I "'2 

subscripts I and 2 must be interchanged. l f ac = a c· we do not 
I 2 

define F and special formulas have to be developed for these cases. 
An important case is that for which both aquifers have the same pro--

5, SOLUTION FOR THE CASE WHEN THE AQUIFERS HA VE 

IDENTICAL PROPERTIES 

In the Appendix it is shown that when the aquifers have identical 

properties 
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S1 (r, 
Q { ( r2 I/' ) n = t) = ---- W -- ------- C r- + [ 

41r T' 4a c , t , ' n '" 

(r, r-2nt*) dr 

n "-" N2 
S2 (r, t) = --

4
Q7T_-:-

1
;
1 

- \' ~}~--~-

1 

L (2n + I J' 

N. 

n =, 0 
f' 

(211 + 

(r,r-t2n+ llt*)dr 

C; II 
( 2rl) 1 
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t 211 

I ii w 

ilC~ n 
2 n t* 

( 5. I.a) 

i)nn t I 

I )t * 
IS. l .h) 

where N1 and N.2 arL' chosen 111 !ht: way explai1wd rn SL'Cliun 3. On 

the other hand 

I 
w( r t c ) =-= - - e 

, ' I l 
[

~-r~_l_ + ( ', ac1 t] 
CI 

FVALUATION OF SOLUTIONS 

We have evaluated the solutions in the way explained in the Appendix 
for the case of identical properties of the aquifrrs, and have rnmpa

red our results with those obtained by NeumJn and Witherspoon 

( 1969 a, b). The results are shown in the figures 2, 3, 4 and 5. 

To facilite the comparison we have included in the figures the solu

tions for the case when the Jrawdown at the unpumpL'J aquifrr is 

taken equal to zero. The point at which this sulution and th;1t for 

which the aquifers haw identical prnpnties, t.kvial e from each uther, 

corresponds to the time at which tne inll'raction betWL'. en the aquifers 

begins to be noticeabk and llll'refore, af!t:"r this time that inkral'lion 

must be taken into account \vhen computing the drawdown in the 

pumped aquifer. Observing the figures, it becu111t's clear that fur tht: 

cases considered, the exact and approximate st1lut1ons coincide in tht~ 
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pumped aquifer, for a range of time whose lower limit is much smaller 

than the time at which the interaction between the aquifers s tarts to be 

noticeable. 
On the other hand, at the unpumped aquifer there is a noticeable 

difference between the exact and the approximate solutions, only at 

the early stages, when the drawdown in this aquifer is very small in 

comparison with that at the pumped aquifer. The situation in the 
aquitard lies between that at the pumped and the unpumped aquifers. 

APPENDIX 

Applying Hankel and Laplace transfom1s succesively to equations 

(2.1.a), we get 

where 

Observe that 

= D(a 2 + A2 ) 

SI - --
(a2 + A 1 )(a 2 + A2) - 81 82 

= DB 2 
~~~~~- -~ ----

A-(p)=p(} _ _ G .. )·i = 1 2· 
I a. 11 ' ' ' 

I 

Bi (p)= pG IJ , 1= I, 2 ;j =1=i. 

D = _9__1_ 
2n T I p 

(A. I .a) 

(A. l.b) 

(A.2.a) 

(A.2.b) 

(A.2.c) 

00 B? Br 
(a2 + A1 )(a2 + A2 )- 81 82 = ~-= 0 (ai + A1 )n+ I (a2 + A2 )n+ • (A.3) 



Thus 

00 = 
s 1 ==D[ 

n = 0 

so that 

D 
Si - - - - -

a2 + A1 

(a 1 + A 1 )(a 1 + A2) 
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<B 1B, )n 
(A.4.a) 

(A.4.b) 

(A .5 .a) 

(A.5.b) 

when the approximations (2A) are introduced, equations (A.2) b eco
me 

p 
Ai(p) c= ··· ··- + C i 

O' L' 1 

pt* 

01 
l) ·- -~- - ----

2rr T, p 

Observe that (A.6.a) imply that 

(A.6.a) 

(A. 6.h) 

(/\ .6.cl 

(A .6.d) 
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and consequently the partial derivatives in (A.5) can be taken with 
respect to C 1 and C2 • 

Taking inverse Hankel and Laplace transforms, we get: 

-1 { -1( I I )} I .f H -- · -- = - F (r t C C ) 
2 A .2 A 2 '' 1, 2 . a + 1 a + 2 

(A.7.a) 

(A.7.b) 

where F(r,t,C 1 , C2 ) is given by (4.2). 
Taking the inverse Hankel and Laplace transforms of (A.5 ), we get 

( 4.1) in view of the above equations. 

To obtain ( 4.1 ), we have to assume o-c 1 *o-c 2 . This assumption lea
ves out the case when both aquifers have identical properties. For 
that case equations (A.4) become 

(X) 8 2n 

s1 =D L 
n == I 

(a 2 + Ai )2n + I 
(A.8.a) 

(X) B;n + 1 

S2 =D[ 
(a2 +A

1
)2n+2 

n = 0 

(A.8.b) 

and 

(A.9.a) 

= B?" + l O 2n + I ( ) s2=--D[ ----
n = 0 ( 2 n + I ) ! o A !n + I a 2 + A 1 

(A.9.b) 
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Taking inverse Hankel anJ Laplace transforms ot equations (A.9 ), we 

get (5.1) after making us1: uf rhe fact that 

where w is given by (5.2). 

I (- -:; --
1
-- ---- ) l = _I_ w (r , t , Ci ) 

a-+A, l 2 
(A.JO) 

The evaluation of th\'. integrals in t'. quation s (5.1) can be simplified 
by repeated use of the r,~cum:nce relations: 

t t 

f ~nw (r r) d T·"' ---'- -[-~~------! ~- ~ - ~ w- (r, r) d r 
( , n ' C a 4a . . - c--, n --· 2 

QO - I I C1 C1 () d I 

f t an - lw 
+ (n - I) ----- -- (r, r) d r 

o ac~ - 1 

(A. I I) 

Using (A.11 ), it is possible to express all the integrals appt~aring in 

(5.1) in terms of th e well function wand of 

ft 2 

, --- ( ----_':.__ __ _ + c lt , T ) d T 
C A-. 1 l CI 

"tU'.c 
() I 
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Figure I. The aquifer system. 
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