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Abstract

We propose a new approach to improve spectral gamma-ray (SGR) logging forward modeling by consid-
ering the radioactive minerals present in the rock as gamma-ray sources. This is based on the radioactive 
attenuation theory. The assumptions are: 1) minerals with K40, U238, and Th232 content are considered 
radioactive sources uniformly distributed in the rock; 2) the measured radioactivity is proportional to 
the concentration of radioactive minerals and inversely proportional to the rock bulk density; 3) the 
radioactivity is only attenuated by absorption of gamma-rays. The forward modeling was tested using 
a synthetic case of sandstone with clay minerals and brine-saturated pores to analyze the sensitivity of 
SGR to changes in illite/smectite-illite/mica ratios and sandstone porosities. Finally, it was further vali-
dated with 44 core samples, of which 22 are from two shale gas and 22 from two clastic formations. The 
Pearson correlation coefficient applied to measure the misfit between the simulated and observed K, U, 
Th, and SGR data attained values of 0.82, 0.83, 0.61, and 0.57, respectively. A further improvement to 
0.87, 0.85, 0.65, and 0.69 was achieved when applying joint inversion for data where illite/smectite and 
illite/mica ratios were not specified. The correlation between the simulated and observed data supports 
the viability of the proposed SGR forward modeling approach method.

Resumen

Proponemos un nuevo enfoque para mejorar el modelado directo del registro de rayos gamma espectral 
(SGR) al considerar los minerales radioactivos presentes en la roca como fuentes de rayos gamma. Este 
se basa en la teoría de la atenuación radiactiva. Los supuestos son: 1) los minerales con contenido de 
K40, U238, y Th232 son considerados fuentes radiactivas que están uniformemente distribuidas en la roca; 
2) la radiactividad medida es proporcional a la concentración de minerales radiactivos e inversamente
proporcional a la densidad aparente de la roca; 3) la radiactividad solo se atenúa por absorción de rayos
gamma. El modelado directo fue probado usando un caso sintético de arenisca con minerales arcillosos
y poros saturados con salmuera para analizar la sensibilidad de SGR a cambios en las relaciones de ilita/
esmectita e ilita/mica y porosidades de la arenisca. Finalmente, el enfoque fue validado con 44 muestras
de núcleo, siendo 22 de dos formaciones de gas en lutita y 22 de dos formaciones clásticas. El coeficiente
de correlación de Pearson se aplicó para medir el desajuste entre los datos simulados y medidos de K, U,
Th y SGR, obteniéndose valores de 0.82, 0.83, 0.61 y 0.57 respectivamente, y una mejora adicional de
0.87, 0.85, 0.65 y 0.69, respectivamente. Estos resultados fueron alcanzados aplicando inversión conjunta
para los datos donde las relaciones ilita/esmectita e ilita/mica no fueron especificadas. La correlación
lograda entre los datos simulados y observados sustenta la viabilidad del nuevo enfoque para el modelado
directo propuesto de SGR.
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1. Introduction

Sedimentary rocks contain radioisotopes that emit radia-
tion due to nuclear decay. In geophysical logging applications, 
the gamma-ray spectrum is of primary interest due to its high 
penetration into rock, which is approximately inversely propor-
tional to the atomic number of the elements which make up the 
rock through which it travels, which allows gamma rays to be 
recorded by an instrument (Bassiouni, 1994; Schön, 2015; Serra, 
1984; Owen, 1966). The radioisotopes which are significant in 
sedimentary rocks are K40 (half-life time of 4.4 × 109 years), 
Th232 (half-life time of 1.4 × 1010 years), and U238 (half-life time 
of 1.3 × 109 years). These decay into Ar40, Pb208, and Pb206, emit-
ting radiation with energies of 1.46 MeV, 2.62 MeV, and 1.76 
MeV, respectively (Bassiouni, 1994; Schön, 2015; Serra, 1984).

Estimating radioactive elements is critical in rock formation 
evaluation since it assists lithology identification of many clay 
minerals (Bassiouni, 1994; Schnyder et al., 2006; Ellis and 
Singer, 2007; Schön, 2015). SGR logging allows a quantitative 
evaluation of K, U, and Th concentrations by decomposing the 
total radioactive spectra into the three characteristic spectra 
(Brannon and Osoba, 1956; Lock and Hoyer, 1971; Serra et al., 
1980; Serra, 1984; Mathis et al., 1984; Bassiouni, 1994).

The total gamma-ray contribution is obtained by the sum 
of the radioactivity of K, U, and Th (Bassiouni, 1994; Schön, 
2015; Serra et al., 1980). Assessment of the presence of these 
radioisotopes is helpful in the determination of lithology be-
cause they are usually concentrated in carbonate minerals, clay 
minerals, organic matter, potassium feldspars, and evaporites, as 
well as in heavy minerals (Schön, 2015; Ellis and Singer, 2007; 
Bassiouni, 1994; Serra et al., 1980; Fertl, 1979; Russell, 1945).

SGR logging is applied in conventional formations (sand-
stone and carbonate rocks) to differentiate between reservoir 
and non-reservoir rocks, to recognize the evaporite mineral, to 
identify rock mineral types, and help evaluation of their concen-
tration by either cross-plot or computation (Fertl et al., 1982; 
Bassiouni, 1994; Schön, 2015; Serra, 1984). It also allows the 
identification of zones containing organic material in unconven-
tional reservoirs (Huang et al., 2015; Lüning and Kolonic, 2003; 
Swanson, 1960; Bohacs, 1998; Bohacs and Miskell-Gerhardt, 
1998; Ge et al., 2016; Jacobi et al., 2008), and the identification 
of fractured reservoirs (Fertl, 1979; Fertl and Rieke III, 1980). 
Further, the Th/K or Th/U ratios are used as qualitative indica-
tors of the principal radioactive mineral contained in the rock 
(Bassiouni, 1994; Serra et al., 1980; Schön, 2015) and to identify 
sedimentary facies (Adams and Weaver, 1958; Bigelow, 2002).

Empirical equations to estimate shale content by assuming 
that only clay minerals emit gamma radiation (Larionov, 1969; 
Stieber, 1970; Clavier et al., 1971) and to estimate organic ma-

terial content in unconventional reservoirs considering mainly 
the U concentration (Wang et al., 2019, 2016; Steiner et al., 
2016; Gonzalez et al., 2013; Schmoker, 1981) were derived 
by different authors. However, sedimentary formations contain 
different radioactive minerals (Bigelow, 2002). Sandstones and 
carbonates can contain other radioactive minerals besides clay 
(Chudi and Simon, 2012; Schön, 2015). Shale gas formations 
exhibit a high content of K, U, and Th due to the presence of 
clay and plagioclase minerals (Huang et al., 2015; Lüning and 
Kolonic, 2003; Passey et al., 1990, 2010; Russell, 1945; Alhar-
thy et al., 2012). Therefore, the concentration of organic matter 
could be overestimated by not separating the U present in the 
clay and plagioclase (Lüning and Kolonic, 2003; Schnyder et al., 
2006). Th/K and Th/U ratios do not help as a facies discrimina-
tor if they are approximately constant in the studied lithofacies 
(North and Boering, 1999). Estimation of the concentration of 
radioactive minerals can be approximated by linearly correlating 
SGR signals with compressional travel time (∆t), bulk density 
(ρb), or neutron porosity (ϕN) logs, and it is strengthened with 
information from lithological and geochemical logging, Scanning 
Electron Microscope images (SEM), and X-ray diffraction in 
cores (Day-Stirrat et al., 2021; Chudi and Simon, 2012; Hertzog 
et al., 1989). The inadequate quantification of the concentration 
of radioactive minerals leads to increased uncertainty in the 
estimation of reservoirs (GaffneyCline, 2023).

We are interested in quantifying radioactive minerals from 
SGR signals without using empirical equations. In this context, 
forward modeling of natural gamma rays has been done con-
sidering multiple radioactive minerals (Serra, 1984; Bassiouni, 
1994; Ellis and Singer, 2007) but is limited to modeling the 
total radioactivity of a given formation. SGR simulation has 
been applied to derive source rock characteristics and examine 
diagenesis by reconstructing part of the sedimentary rock history 
without focusing on quantifying radioactive minerals (Van der 
Boor, 2014).

In this work, we present an approach to SGR logging forward 
modeling that considers radioactive minerals present in the rock 
as gamma-ray sources, and it is based on radioactivity attenu-
ation theory. The forward modeling is based on the following 
assumptions: 1) minerals with K40, Th232, and U238 content are 
considered radioactive sources uniformly distributed in the rock; 
2) the measured radioactivity is proportional to the concentration 
of radioactive minerals and inversely proportional to the rock 
bulk density; 3) the radioactivity is only attenuated by absorption 
of gamma-rays.

Some minerals are bound together, such as illite/smectite 
and illite/mica, so their concentration is reported jointly in the 
petrographic analysis of cores without specifying the specific 
content of each mineral. For this reason, the SGR modeling 
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approach is tested through a synthetic control rock of sandstone 
with clay minerals of illite/smectite and illite/mica mixtures and 
brine-saturated pores to analyze the sensitivity of SGR to chang-
es in illite/smectite-illite/mica ratios and sandstone porosities.

We further tested the SGR forward modeling on 44 core 
samples, 22 corresponding to two shale gas and 22 to two clastic 
formations, to validate it. Pearson correlation coefficient was 
applied to analyze the misfit between the simulated and observed 
U, K, Th, and SGR data, attaining values of 0.82, 0.83, 0.61, 
and 0.57, respectively. Joint inversion was applied in those cases 
where corresponding ratios of illite/smectite and illite/mica were 
unavailable, leading to an improvement of Pearson correlation 
coefficient of 0.87, 0.85, 0.65 and 0.69, respectively, for U, K, 
Th, and SGR.

2. Theoretical background

In this section, we describe the basics of SGR logging to 
quantify the presence of K, Th, and U; and the physical basis 
of the proposed modeling considering minerals as radioactive 
sources.

2.1 SGR logging basics

The K40, Th232, and U238 radioisotopes are abundant in 
sedimentary rocks and have respective half-lives of 4.4 × 109, 
1.4 × 1010, and 1.3 × 109 years, respectively, so their presence in 
the rock is sufficiently long-lived, and they produce appreciable 
amounts of gamma rays (Bassiouni, 1994; Hertzog et al., 1989; 
Bigelow, 2002; Serra, 1984; Schön, 2015). These radioisotopes 
are contained in different proportions in the radioactive minerals 
of petroleum reservoirs (Lock and Hoyer, 1971; Killeen, 1982; 
Serra, 1984; Bassiouni, 1994; Schön, 2015). K40, Th232, and U238 
radioisotopes have characteristic energies emitted in discrete 
values of 1.46 MeV, 2.62 MeV, and 1.76 MeV, respectively, 
and they are contained in specific minerals that are assumed to 
be uniformly distributed in the sedimentary formation (Rhodes 
and Mott, 1966; Bassiouni, 1994; Serra, 1984; Schön, 2015).

Gamma-ray logging aims to measure the total number of 
gamma rays emitted by the rock formation per second per unitary 
weight (Belknap et al., 1959). Its general configuration consists 
of a gamma ray detector, a processor, a memory, a telemetry 
module, and a surface acquisition system (Morys, 2020; Morys, 
2021). The signal from the detector is amplified and discretized 
in energy levels or windows which span a specific energy band. 
The data is then encoded and sent to a surface acquisition system 
(Brannon and Osoba, 1956; Lock and Hoyer, 1971; Serra et al., 
1980; Serra, 1984; Mathis et al., 1984; Bassiouni, 1994).

Three energy windows are associated with the characteristic 
energies of K40, Th232, and U238, and their fractional abundances 
are computed by:

  (1)

where ri is a factor representing a statistical error, Wi is the count-
rate from window i, and Ai, Bi and Ci are the calibrated coefficients 
for the respective window i obtained by using a calibration "TUK" 
pit by minimizing Equation 1 (Serra, 1984, p. 120).

2.2 Physical basis of gamma radiation for radioactive 
minerals

This section describes the modeling of gamma-ray activity 
from K40, U238, and Th232, considering them hosted in certain 
minerals, and that the medium (in this case, the rock) attenuates 
the gamma-ray flux.

In gamma radiation, a photon is emitted after a nucleus de-
cays. The law of radioactive decay states that over a short time 
interval, dt, the number of decaying radioisotopes obeys the 
following expression (Rutherford and Soddy, 1902):

 dN

dt
N� �� , (2)

where N is the number of atoms of the radioisotope and λ (s-1) 
is the decay constant. Integrating Equation 2 leads to the expo-
nential relation:

 N N e t
0 , (3)

where N0 is the number of radioisotopes present at time t = 0. The 
activity A, the rate at which nuclei are decaying, is obtained by:

 A=λN (4)

The specific activity (a) is a more widely used parameter 
which is defined as the net gamma counts per second measured 
from a gram of a radioisotope in equilibrium (s-1). For the K40, 
U238, and Th232 series, it is obtained by summing the measured 
contributions from each of the radioisotopes considering only 
photons with energy greater than 100 keV (Belknap et al., 1959; 
Ehsan et al., 2019; Bassiouni, 1994). Their respective specific 
activities are: aK=3.4 s-1, aU=2.8×104 s-1, and aTh=1.0×104 s-1 
(Belknap et al., 1959).

In a sedimentary rock a can be considered as (Belknap et 
al., 1959):

 a=aKK+aUU+aThTh, (5)
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being K (%), U (ppm), and Th (ppm) the fractional abundances 
of K40, U238, and Th232 in the rock (Serra, 1984; Ellis and Singer, 
2007; Schön, 2015).

The radioactive activity of m minerals in a volume dV, consid-
ering them as sources, as a function of the fractional abundance 
of n radioisotopes for a control volume is obtained by:

 dS C w a dV
ij j i j

i
j

j

n

i

m

�
�

�
�

�

�
��� �  (6)

C C
i ii

n
�� ��� 1

1  and ρi are the fractional concentration in the 
control volume, and density of the i-th mineral, respectively.  
is the fractional abundance of the j-th radioisotope in the i-th 
mineral and aj is the specific activity of the j-th radioisotope. We 
consider that the radioactive minerals are uniformly distributed.

Considering the radioactive attenuation theory, the total 
emissions are obtained by (Ellis and Singer, 2007; Evans, 1955):
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being e-μa r the attenuation factor and μa (cm-1) the macroscopic 
absorption cross section (Duderstadt and Hamilton, 1976; Rhodes 
and Mott, 1966; Evans, 1955). The entire spherical source is 
obtained integrating over the solid angle Ω, thus 

Ω
�  dA = 4πr2. 

The total gamma-ray flux that reaches to the detector is given by:
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and the count rate R through (Evans, 1955):
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where ϵ is the efficiency of the gamma-ray sensor, the probability 
that a gamma-ray incident to the detector will produce a count 
(Belknap et al., 1959; Rhodes and Mott, 1966), and ρb is the 
rock bulk density.

To calculate the count rate in API units and considering only 
the radioisotopes of our interest: K40, U238, and Th232, Equation 
9 can be simplified in the following equation:

 
SGR C K U Th

b
i i

i i i

i

m

�
�

� �� ���
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        (10)

where the coefficient η, β, and α depend on the detector and sonde 
design and normalized aTh and aK to aU (the concentration of U 
in ppm that give the exact count rate as 1% of K and 1 ppm of 
Th). Ki, Ui, and Thi are the fractional abundances of K40, U238, 
and Th232, respectively, in the i-th mineral.

Further, Equation 10 can be rewritten in the standard form 
(Belknap et al., 1959; Bassiouni, 1994; Ellis and Singer, 2007; 
Schön, 2015):

 SGR=ϵ(ηK+αU+βTh), (11)

being K, U, and Th, the total content of K40, U238, and Th232 in 
the rock, respectively, and modeled as:

 K � �1� �
b

i i
i

i

m

C K , (12)

 U � �1� �
b

i i
i

i

m

C U , (13)

 Th � �1� �
b

i i
i

i

m

C Th . (14)

3. SGR forward modeling

The petrophysical model underlying the proposed SGR 
forward modeling comprises pores, radioactive minerals, and 
nonradioactive minerals. The radioactive minerals have charac-
teristic fractional abundances of K40, U238, and Th232 in specific 
ranges for each mineral, which were considered for forward 
modeling (Table 1).

The SGR forward modeling is done with Equation 10 and 
tested: 1) against a synthetic control rock of sandstone with clay 
minerals and brine-saturated pores to analyze the sensibility 
of the SGR to changes in illite/smectite, illite/mica ratios, and 
sandstone porosities; and 2) against 44 core samples of which 
22 are from two shale gas formations and 22 from two clastic 
formations to validate it.

3.1 Synthetic case

We consider a sandstone with clay minerals and brine-sat-
urated pores. The sandstone comprises 80% of solid grains 
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(quartz) and 20% of pores. To increase the clay concentration, 
we replaced equivalent concentrations of sandstone. Only clay 
minerals are radioactive.

We analyze the K, U, Th, and SGR forward modeling in two 
scenarios: a) a sandstone with a mixture of illite/smectite and b) 
a sandstone with an illite/mica mixture. Scenario a) comprised: 
1) clay of 100% of illite, 2) clay of 100% of smectite, and 3) clay 

with a proportion of 50 to 50% of illite and smectite. Scenario 
b) comprised: 1) clay of 100% of illite, 2) clay of 100% of mica, 
and 3) clay with a proportion of 50 to 50% of illite and mica. 
All possible illite/smectite and illite/mica ratios are bounded by 
1 and 2 in scenarios “a” and “b”, respectively. The fractional 
abundances K, U, and Th and the density used for the respective 
radioactive minerals are shown in Table 2. The K, U, and Th 
content were modeled with Equations 12, 13, and 14, respectively, 
and SGR was modeled with Equation 10.

K content obtained from illite/smectite ratios is broader than 
those obtained with illite/mica ratios for each clay concentration 
(Figure 1). In addition, it can be observed that K values in illite/
smectite mixtures are lower compared to illite/mica mixtures 
(Figure 1). This is evident from the reference lines depicting 50 
to 50% of the illite/smectite mixture and 100% of smectite (Figure 
1a), which show lower K values than the reference lines of 50 
to 50% of the illite/mica mixture and 100% of mica (Figure 1b).

U content from illite/smectite and illite/mica ratios are in 
a similar range below 18% of clay concentration (less than 1% 

Table 1. Range of fractional abundances K, U, and Th in some ra-
dioactive minerals (Schön, 2015; Bigelow, 2002; Huntley and Baril, 
1997; Yuguchi et al., 2021; Sen, 1959; Lewis et al., 2004). Void 
entries in the table indicate the absence of the respective radioisotope.

Mineral K (%) U (ppm) Th (ppm)

Quartz < 0.15 < 0.4 < 2.0 2.648

Calcite < 0.4 1.5 – 15 < 2.0 2.71

Dolomite 0.1 – 0.3 1.5 – 10 < 2.0 2.86

K-feldspar 11.8 – 14 0.2 – 5.0 0.01 – 7.0 2.56

Plagioclase < 0.54 0.02 – 5.0 0.01 – 3.0 2.68

Mica (Biotite) 6.2 – 10.1 1 – 40 0.5 – 50 2.8

Illite 3.5 – 8.3 1 – 5 10 – 20 2.66

Smectite 0 – 1.5 1 – 21 6 – 44 2.2

Kaolinite 0 – 0.6 1 – 12 6 – 47 2.594

Chlorite 0 – 0.35 – 3 – 5 2.8

Kerogen – 62.5 – 500 – 1.1 – 1.4

Table 2. Fractional abundances K, U, and Th and density used for 
synthetic case forward modeling.

Mineral K (%) U (ppm) Th (ppm)

Illite 8.3 5 20 2.66
Smectite 1.5 21 44 2.2
Mica 6.2 16.9 27 2.8

Figure 1. K content for mixtures of a) illite/smectite and b) illite/mica. a) K for clay constituted by illite (line 1), smectite (line 2), and 50 to 
50% of illite/smectite (line 3). b) K for clay constituted by illite (line 1), mica (line 2), and 50 to 50% of illite/mica (line 3).

a b
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absolute difference), but above 18% are higher (Figure 2). The 
reference lines for 50 to 50% of the illite/smectite mixture and 
100% of smectite compared to 50 to 50% of illite/mica and 100% 
of mica, respectively, show that the U values for scenario “a” 
(Figure 2a) are slightly higher than scenario “b” (Figure 2b).

Th content from illite/smectite ratios has a broader range 
than illite/mica ratios for each clay concentration (Figure 3). The 
reference lines for 50 to 50% of illite/smectite mixture and 100% 
of smectite (Figure 3a) give higher Th values than 50 to 50% 
of illite/mica mixture and 100% of mica (Figure 3b), indicating 
that Th values for scenario “a” are higher than scenario “b”.

SGR for scenario “a” has a similar range to scenario “b” 
(Figure 4). The reference lines for 50 to 50% of illite/smectite 
mixture and 100% of smectite (Figure 4a) are slightly higher for 
SGR values than 50 to 50% of illite/mica mixture and 100% of 
mica (Figure 4b). Furthermore, the relationships between SGR 
and clay concentration are not linear for both scenarios due to 
the differences in their bulk densities.

 We further analyzed the effect of porosity changes on the 
SGR considering sandstone porosities of 1) 45%, 2) 25%, and 3) 
5% and clay with a 50 to 50 % proportion of illite/mica (Figure 5) 
since changes in porosities impact directly over ρb, which in turn 
affects the radioactive response. The SGR radioactive intensity 
is lower as the ρb is higher (Schmoker, 1979).

These results show that considering K, U, Th, and SGR for 
the presented synthetic case improve the contrast to identify 
mineral mixtures that only regard SGR (in this case, illite/
smectite and illite/mica), and this analysis can be generalized 
to other mixtures of associated minerals. Further, the nonlinear 
trend between SGR versus clay concentration depends on the 
rock’s bulk density.

3.2 SGR forward modeling applied to core samples

3.2.1 Sample descriptions

We applied the SGR forward modeling to 44 core samples, 
of which 14 are from Well A and 8 from Well G (Sabinas and 
Burgos provinces, respectively, in Mexico), both corresponding to 
shale gas formations and 19 were taken from Well N (Cordilleras 
Mexicanas province) and 3 from Well Q (North Sea, Nether-
lands), both corresponding to clastic formations. The data con-
sidered for modeling are the concentrations of porosity, quartz, 
calcite, dolomite, pyrite, feldspars: K-feldspar and plagioclase, 
total clay: proportions of illite/smectite and illite/mica, kaolin-
ite, chlorite, and kerogen (Table 3). The porosity was obtained 
from the petrophysical analysis, the mineralogical concentration 
was provided by thin section petrography and X-ray diffraction 
(XRD), and the kerogen concentration was calculated through 
the Total Organic Carbon (TOC) reported in geochemical data, 
considering that the kerogen concentration is approximately 
twice that of the TOC (Kethireddy et al., 2014; Passey et al., 
2010; Schmoker, 1981). We consider kerogen for the gamma-ray 
forward modeling even though it is not a mineral because it has 
a high uranium concentration (Lüning and Kolonic, 2003). The 
ρb, SGR and K, U, and Th fractional abundances for each core 
sample were obtained from Well logs (Table 4).

The core samples from Well A correspond to a calcareous 
silty shale. The porosity measured is between 2.03 to 12.26%, 
saturated mainly by gas. The minerals present in the rock are 
quartz, calcite, dolomite, pyrite, K-feldspar, plagioclase, propor-
tions of illite/smectite and illite/mica, kaolinite, and kerogen as 
an organic component which is the ranges of 0.58-12.22%. The 

Figure 2. U content for mixtures of a) illite/smectite and b) illite/mica. a) U for the clay of illite (line 1), smectite (line 2), and 50 to 50% of 
illite/smectite (line 3). b) U for the clay of illite (line 1), mica (line 2), and 50 to 50% of illite/mica (line 3).

a b
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Figure 3. The content for mixtures of a) illite/smectite and b) illite/mica. a) Th for clay constituted illite (line 1), smectite (line 2), and 50 to 
50% illite/smectite. b) Th for clay constituted by: illite (line 1), mica (line 2), and 50 to 50% of illite/mica (line 3).

Figure 4. SGR modeled for mixtures of a) illite/smectite and b) illite/mica. a) SGR for a clay constituted by: illite (line 1), smectite (line 2), 
and 50 to 50% of illite/smectite (line 3). b) SGR for a clay constituted of illite (line 1), mica (line 2), and 50 to 50% of illite/mica (line 3).

Figure 5. SGR modeled for a 50 to 50% proportion of illite/mica. 
Line 1: Sandstone with a density of 1.91 g/cm3, 55% of quartz grains 
and 45% of pores; line 2: density range of 2.24 g/cm3, 75% of quartz 
grains and 25% of pores; and line 3: a density of 2.56 g/cm3, 95% of 
quartz grains and 5% of pores.

a

a

b

b
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Table 3. Data from 44 core samples. Concentration in %. Void entries indicate the absence of the respective mineral.
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Core from Well A
A1 5.76 40.70 26.47 0.92 2.50 0.33 1.17 6.91 4.33 0.00 0.00 11.24 10.92
A2 2.99 3.27 83.05 0.77 0.00 0.00 0.00 2.02 2.69 4.62 0.00 9.34 0.58
A3 7.96 36.03 22.29 3.42 3.82 0.81 1.79 6.91 6.26 0.00 0.00 13.18 10.7
A5 7.520 33.72 21.51 2.67 3.07 0.32 1.62 10.43 7.60 0.00 0.00 18.03 11.54
A7 4.73 5.06 1.31 57.33 4.22 0.00 1.03 8.53 3.28 12.83 0.00 24.64 1.68
A8 2.03 6.68 78.50 0.00 1.16 0.00 0.68 4.36 3.29 2.23 0.00 9.87 1.08
A2-1 4.96 4.91 76.28 0.00 0.69 0.00 0.00 1.98 1.72 0.52 0.00 4.22 8.94
A12 7.71 39.54 17.54 0.50 3.72 1.16 2.07 10.42 7.86 0.00 0.00 18.28 9.48
A3-1 6.42 37.79 19.15 2.69 5.88 0.25 1.93 9.83 6.47 0.00 0.00 16.29 9.60
A16 8.44 42.79 12.37 1.29 3.80 0.24 1.78 9.46 9.14 0.00 0.00 18.60 10.68
A18 8.50 46.05 12.88 0.32 3.54 0.56 2.17 7.33 7.65 0.00 0.00 14.97 11.00
A4-1 12.26 47.91 10.64 0.23 2.94 0.30 1.51 5.96 6.04 0.00 0.00 12.00 12.22
A18A 6.07 36.71 12.77 10.32 6.85 0.00 1.52 8.97 7.44 0.00 0.00 16.41 9.34
A18B 10.10 47.95 10.95 2.94 2.86 0.57 1.63 8.90 5.96 0.00 0.00 14.87 8.14

Core from Well G
G2 ET 8.83 16.56 38.85 2.61 0.87 3.49 6.10 13.07 6.97 0.00 2.61 22.65 4.04
G3 ET 9.65 14.23 51.05 0.84 0.84 1.67 2.51 10.04 2.51 0.00 0.00 12.55 6.66
G4 ET 8.60 12.81 55.52 1.71 5.12 1.71 3.42 4.27 0.85 0.00 0.00 5.12 5.98
G5 ET 9.05 14.86 49.53 0.83 1.65 0.83 3.30 5.78 4.95 0.00 0.83 11.56 8.40
G6 ET 9.57 8.32 59.94 0.00 0.83 1.66 3.33 4.99 4.19 0.00 0.00 9.16 7.18
G7 ET 9.28 23.76 40.14 1.64 1.64 1.64 3.28 6.55 2.46 0.00 0.82 9.38 8.8
G8 ET 10.08 19.72 33.92 2.37 3.16 1.58 3.94 9.47 3.16 0.00 1.58 14.20 11.04
G9 ET 9.17 15.30 36.25 0.81 4.03 1.61 4.83 12.08 4.83 0.00 0.81 17.72 10.28

Core from Well N
N1H1A 9.31 22.49 25.12 6.53 0.27 6.53 17.87 - - - - 12.06 0.00
N1H11 30.26 12.83 41.15 1.53 0.35 1.95 5.30 - - - - 6.63 0.00
N1H12 29.89 14.65 37.51 2.17 0.35 1.89 6.66 - - - - 6.87 0.00
N1H17 23.35 18.78 26.21 1.38 0.77 3.53 11.88 - - - - 14.10 0.00
N1H18 22.72 19.39 43.36 1.93 1.24 1.47 5.33 - - - - 6.57 0.00
N1H20 24.21 20.69 23.95 1.67 0.45 3.79 12.58 - - - - 12.66 0.00
N1H21 23.06 20.16 26.70 1.69 0.46 3.23 11.54 - - - - 13.16 0.00
N1H22 25.38 21.12 23.13 2.16 0.45 3.36 13.73 - - - - 10.67 0.00
N3H2 26.48 17.35 25.00 2.35 1.25 2.06 9.19 - - 0.59 1.91 16.32 0.00
N3H4 25.30 13.15 6.87 5.53 2.32 4.48 12.62 - - 1.49 3.21 29.73 0.00
N3H5 24.95 20.19 7.43 8.93 1.65 6.15 16.36 - - 0.75 1.95 14.33 0.00
N3H7 31.02 17.59 9.10 9.66 1.38 4.41 14.76 - - 0.89 2.14 12.07 0.00
N3H8 32.05 17.06 6.18 8.15 1.36 4.28 15.08 - - 1.01 2.25 15.83 0.00
N3H10 24.12 24.05 6.75 5.92 1.52 6.68 18.67 - - 0.76 1.89 12.29 0.00
N3H13 23.88 26.72 7.54 6.55 1.38 6.62 17.96 - - 0.84 2.06 8.91 0.00
N3H15 3.97 26.89 25.83 4.90 2.11 6.72 20.55 - - 0.77 2.11 9.03 0.00
N3H16 23.09 16.46 8.00 4.92 1.69 6.54 13.61 - - 1.00 2.70 25.69 0.00
N3H25 11.90 24.40 19.47 4.93 1.94 6.34 14.17 - - 0.88 2.82 16.30 0.00
N3H26 13.16 19.80 16.93 5.21 1.74 7.38 16.85 - - 0.95 2.86 18.93 0.00

Core from Well Q
Q4V 20.80 78.41 0.00 0.00 0.00 0.00 0.00 - - 0.00 0.00 0.79 0.00
Q38V 16.30 79.52 0.00 0.00 0.00 0.00 0.00 - - 0.00 0.00 4.19 0.00
Q49V 18.90 77.05 0.00 0.00 0.00 0.00 0.00 - - 0.81 0.00 4.06 0.00
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Table 4. Density ρb, SGR, K, U and Th measured from well logs correspond-
ing to the 44 core samples.

Sample SGR (API) K (%) U (ppm) Th (ppm)

Core from Well A
A1 2.38 77.41 0.91 5.87 3.99
A2 2.69 48.00 0.42 3.61 3.10
A3 2.45 61.17 0.64 4.58 3.58
A5 2.44 50.58 0.37 4.57 2.04
A7 2.76 97.74 0.49 10.21 2.05
A8 2.68 144.68 0.46 14.80 4.74
A2-1 2.48 130.68 0.85 12.17 4.92
A12 2.54 91.82 1.24 6.74 4.53
A3-1 2.47 65.79 1.03 4.98 2.37
A16 2.67 95.41 1.32 6.42 5.72
A18 2.43 69.35 0.85 5.02 3.92
A4-1 2.44 88.92 0.85 7.09 4.66
A18A 2.36 92.37 1.02 9.85 3.29
A18B 2.43 65.56 0.72 5.44 2.64

Core from Well G
G2 ET 2.76 32.93 0.88 1.39 1.95
G3 ET 2.55 62.01 1.07 3.07 5.10
G4 ET 2.50 63.47 0.70 4.24 4.57
G5 ET 2.46 64.96 0.59 4.69 4.48
G6 ET 2.45 70.29 0.68 5.14 4.57
G7 ET 2.44 70.01 0.51 5.82 3.83
G8 ET 2.48 71.24 0.54 5.94 3.80
G9 ET 2.51 59.53 0.58 3.84 4.87

Core from Well N
N1H1A 2.29 69.04 1.70 4.21 8.78
N1H11 2.26 48.94 1.35 2.70 6.78
N1H12 2.23 58.93 1.61 3.03 8.60
N1H17 2.25 53.33 1.49 2.69 7.88
N1H18 2.24 53.23 1.65 2.35 8.53
N1H20 2.24 56.41 1.49 2.73 8.59
N1H21 2.27 49.78 1.27 2.35 7.70
N1H22 2.26 60.70 1.34 2.71 9.70
N3H2 2.24 56.18 1.97 2.73 8.50
N3H4 2.23 42.18 1.60 2.68 5.12
N3H5 2.22 40.59 1.65 2.71 4.67
N3H7 2.35 34.09 1.57 2.10 4.27
N3H8 2.38 33.18 1.48 2.01 4.22
N3H10 2.36 31.11 1.58 1.41 4.89
N3H13 2.30 39.76 1.61 1.89 6.08
N3H15 2.29 38.64 2.01 2.13 5.33
N3H16 2.39 39.82 1.98 2.52 4.84
N3H25 2.26 44.65 1.78 2.92 5.25
N3H26 2.32 44.72 1.83 2.74 5.62

Core from Well Q
Q4V 2.29 10.03 0.17 0.52 4.73
Q38V 2.42 52.76 1.08 3.27 8.84
Q49V 2.27 10.70 0.15 0.89 0.85
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percentage of smectite in the illite/smectite ratio is between 10-
20% for the core samples A2, A3, A16, A18, A18A, and A18B, 
70-80% for A7, A8, and A12, and is not specified for A1, A2-1, 
A3-1, and A4-1. The ratio for illite/mica is not set for any of 
the core samples.

The lithology of the core samples from Well G corresponds 
to silty argillaceous limestone. The rock porosity measured is 
between 8.6 to 10.08%. The minerals that conform to the rock 
are quartz, calcite, dolomite, pyrite, K-feldspar, plagioclase, 
proportions of illite/smectite and illite/mica, and chlorite. The 
presence of kerogen is in the range of 4.04-11.04%. The percent-
age of smectite in the illite/smectite ratio is between 30-50%, 
but the percentage of mica in the illite/mica ratio is not specified 
for all core samples.

Set data from Well N comprises two subsets: 8 core samples 
for N1 and 11 for N3. The lithology of both subsets corresponds 
to fine-grained sandstone cemented by calcareous material, and 
there is the presence of clay minerals. The porosity measured is 
between 3.97 to 32.05%. The minerals present in N1 are quartz, 
calcite, dolomite, pyrite, K-feldspar, plagioclase, and clay miner-
als, where their type is not specified. N3 has the same minerals 
as N1, but for clay minerals, it is reported: proportions of illite/
smectite and illite/mica where the respective concentration and 
ratio are not specified, kaolinite and chlorite.

The lithology for the core samples from Well Q comprised 
sandstone, shales, silty sandstone, claystone, and sandy claystone. 
The porosity measured is 20.8%, 16.30%, and 18.90% for Q4V, 

Q38V, and Q49V, respectively. The minerals reported are quartz, 
clay minerals, being its type not specified, and kaolinite.

3.2.2 Core-well comparison

The data used in the forward modeling of the 44 core samples 
have different scales, i.e., XRD is given in microns (µm), infor-
mation from thin petrographic sections is in millimeters (mm), 
petrophysical analysis is performed on centimeter-scale samples, 
and Well logs are recorded on the centimeter scale. Therefore, 
to analyze if the sample is representative of the entire rock due 
to heterogeneity of the medium, we calculate the density ρbc 
considering the minerals and fluid concentration in the respective 
core samples and their respective densities (Table 1), and we 
compare it with their corresponding bulk densities ρb obtained 
from Well logs. We use density as a reference point because it 
is an intensive and isotropic property, and the intrinsic densities 
of each component are not scale-dependent.

Figure 6a shows a good fit for samples A1, A2, A3, and A3-1 
for Well A. For Well G, the fit is good for G4 ET, G5 ET, G6 ET, 
and G7 ET samples (Figure 6b). Sub-set N1 of well N, N1H12, 
N1H20, N1H21, and N1H22 present a minor misfit (Figure 6c) 
but a poor correlation for the N3 set (Figure 6d). Samples Q4V 
and Q49V fit well for Well Q, but Q38V mismatch (Figure 6e). 
The misfit between ρb and ρbc is a relevant factor to consider as 
it will affect the modeling results.

Figure 6. Misfit analysis between ρb from Well logs (black line) versus ρbc (squares) recalculated from core samples for the Wells: (a) A, 
(b) G, (c) Sub-set N1 of set N, (d) sub-set N3 of set N, and (e) Q. We consider that the misfits are associated to the variations of the sample 
scales and the heterogeneity of the medium.
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Table 5. Fractional K (%) abundance for the respective radioactive 
minerals used in the five core sample sets. Void entries indicate 
the absence of the mineral.
Mineral A G N1 N3 Q
Calcite 1.9 1.9 1.9 1.9 -
Dolomite 0 0 0 1.5 -
K-feldspar 7 7 7 7 -
Plagioclase 3 3 3 3 -
Mica 40 1 50 20 50
Illite 15 10 - 20 -
Smectite 6 6 - 7 -
Kaolinite 20 - - 44 50
Chlorite - 5 - 5 -
Kerogen 0 0 - - -

3.2.3 Discussion

 We choose for the radioactive minerals those fractional abun-
dances of K, U, and Th that resulted in a very good fit between 
the simulated (K_s, U_s, Th_s, SGR_s) and the well log mea-
sured values of K_o, U_o, Th_o, and SGR_o given in Table 1.

The considered radioactive minerals from the core samples 
for Well A are calcite, dolomite, K-feldspar, plagioclase, mixtures 
of illite/smectite and illite/mica, kaolinite, and kerogen. Since 
the proportion of the illite/smectite mixture was unavailable 
for these samples, it was assumed to lie in 10% - 20% or 70% - 
80%. We assigned a 50 to 50% ratio for the illite/mica mixture. 
For Well G, the radioactive minerals are calcite, dolomite, 
K-feldspar, plagioclase, illite/smectite, illite/mica, chlorite, and 
kerogen. Since the illite/smectite and illite/mica mixtures were 
not specified, we assigned 50 to 50% ratios. The radioactive 
considered minerals in the N1 core sample are calcite, dolomite, 
K-feldspar, plagioclase, and mica. For N3, the radioactive min-
erals considered are calcite, dolomite, K-feldspar, plagioclase, 
illite, smectite, kaolinite, and chlorite. The considered radioactive 
minerals for well Q are mica and kaolinite. We neglect quartz 
as a radioactive mineral in all the samples because it does not 
contribute significantly to the SGR modeled.

We analyze the results separately for K, U, Th, and SGR 
due to the scale differences of their units. We used the positive 
Pearson correlation coefficient (r) to measure the misfit between 
the simulated and observed data, where r = 0 means zero cor-
relation, 0 < r <= 0.3 represents a weak correlation, 0.3 < r <= 
0.6 is associated with a moderate correlation, 0.6 < r <= 0.9 
is a strong correlation, and r > 0.9 corresponds to a very high 
correlation (Akoglu, 2018; Taylor, 1990).

We used Equation 12 and the parameters listed in Table 5 for 

the respective radioactive minerals present in the five sample sets 
to simulate K (K_s). K observed (K_o) was established directly 
from the Well log (Figure 7). The relationship between K_s and 
K_o correlates with r = 0.82.

Equation 13 and the values indicated in Table 6 were used 
for the respective radioactive minerals present in the five sample 
sets to simulate U (U_s). U observed (U_o) was taken directly 
from the respective well logs (Figure 8). The correlation between 
U_s and U_o is r = 0.83.

We model Th (Th_s) with Equation 14 and the values indi-
cated in Table 7 for the respective radioactive minerals in the 
five sample sets. Th observed (Th_o) is taken directly from the 
Well log (Figure 9). The misfit between Th_s and Th_o correlates 
with r = 0.61.

 The correlation between SGR simulated modeled with 
Equation 10 (SGR_s) and SGR observed taken from the Well 
log (SGR_o) has a high correlation of r = 0.57 (Figure 10).

The forward modeling results show a strong correlation 
between simulated and observed data for K, U, and Th but a 
moderate correlation for SGR. The misfit is due not only to the 
difference between ρbc and ρc but also because we are assuming 
fixed concentrations and ratios for illite/smectite and illite/mica 
in set data A, B, and N3, and the clay is mica for N1 and Q.

Joint inversion with SGR, K, Th, and U was applied to 
improve the correlation by finding the concentrations of clay 
minerals that are not explicitly specified in the core information. 
The condition to be met is that the sum of the clay minerals must 
be equal to the total clay reported in each data set.

Joint inversion process minimizes the cost function relating 
to the observed and simulated data:

 Fmin=‖Wd (d(m)-do )‖2. (15)
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Table 6. Fractional U (ppm) abundance for the respective radioac-
tive minerals used in the five core sample sets. Void entries indicate 
the absence of the mineral.

Mineral A G N1 N3 Q
Calcite 10 2.5 3.5 6 -

Dolomite 10 10 8 10 -
K-feldspar 0.2 0.2 3 0.2 -
Plagioclase 0.02 0.02 5 0.02 -

Mica 5 5 5 4 40
Illite 5 1 - 3.5 -

Smectite 21 1 - 9 -
Kaolinite 1 - - 1 1
Chlorite - 0 - 0 -
Kerogen 66 62.5 - - -

Figure 8. The general correlation between the U_s and U_o for the 
core sample sets: A (purple circles), G (red triangles), N1 (green 
squares), N3 (yellow squares), and Q (green diamonds). The Pearson 
correlation coefficient (r) is 0.83.

Figure 7. The general correlation between the K_s and K_o for 
the core samples: A (purple circles), G (red triangles), N1 (green 
squares), N3 (yellow squares), and Q (green diamonds). The Pearson 
correlation coefficient (r) is 0.82.
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Figure 9. The general correlation between the Th_s and Th_o for 
the core sample sets: A (purple circles), G (red triangles), N1 (green 
squares), N3 (yellow squares), and Q (green diamonds). The Pearson 
correlation coefficient (r) is 0.61.

Table 7. Fractional abundance of Th (ppm) for the respective 
radioactive minerals used in the five core sample sets. Void entries 
indicate the absence of the mineral.
Mineral A G N1 N3 Q
Calcite 1.9 1.9 1.9 1.9 -
Dolomite 0 0 0 1.5 -
K-feldspar 7 7 7 7 -
Plagioclase 3 3 3 3 -
Mica 40 1 50 20 50
Illite 15 10 - 20 -
Smectite 6 6 - 7 -
Kaolinite 20 - - 44 50
Chlorite - 5 - 5 -
Kerogen 0 0 - - -

Figure 10. The general correlation between the SGR_s and SGR_o 
for the core sample sets: A (purple circles), G (red triangles), N1 
(green squares), N3 (yellow squares), and Q (green diamonds). The 
Pearson correlation coefficient (r) is 0.57.
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The vector d(m) contains the simulated data, and do the 
observed data:

 d(m)=[SGR_s,K_s,Th_s,U_s]T, (16)

 do=[SGR_o,K_o,Th_o,U_o]T, (17)

Wd represents the diagonal matrix of weight coefficient to 
account for different error scales and distribution of each input 
data and is calculated as the inverse of the standard deviation. 

The Nelder-Mead method was used to obtain the solution to the 
cost function optimization problem which gives a stable global 
minimum without the need to calculate functional derivatives 
(Nelder and Mead, 1965). The r improved to a strong correlation 
of 0.87, 0.85, 0.65, and 0.69 for K (Figure 11), U (Figure 12), 
Th (Figure 13), and SGR (Figure 14), respectively.

 The correlation is further improved when joint inversion sup-
ports the forward modeling. Table 8 summarizes the correlation 
r for forward modeling with non-joint and joint inversion for the 
unknown mixture ratios.

Figure 11. The correlation between the K_s and K_o improved 
after inverting for the unknown mixture ratios for core sample sets: 
A (purple circles), G (red triangles), N1 (green squares), N3 (yellow 
squares), and Q (green diamonds). The Pearson correlation coefficient 
(r) attained a value of 0.87.

Figure 12. The correlation between the U_s and U_o improved 
after inverting for the unknown mixture ratios for core sample sets: 
A (purple circles), G (red triangles), N1 (green squares), N3 (yellow 
squares), and Q (green diamonds). The Pearson correlation coefficient 
(r) attained a value of 0.85.
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Figure 13. The correlation between the Th_s and Th_o improved 
after inverting for the unknown mixture ratios for core sample sets: 
A (purple circles), G (red triangles), N1 (green squares), N3 (yellow 
squares), and Q (green diamonds). The Pearson correlation coefficient 
(r) attained a value of 0.65.

Figure 14. The correlation between the SGR_s and SGR_o improved 
after inverting for the unknown mixture ratios for core sample sets: 
A (purple circles), G (red triangles), N1 (green squares), N3 (yellow 
squares), and Q (green diamonds). The Pearson correlation coefficient 
(r) attained a value of 0.69.

Table 8. Pearson correlation coefficients (r) comparison between 
forward modeling with non-joint inversion and supported by the 
joint inversion.

Non-joint inversion Joint inversion
K (%) 0.82 0.87

U (ppm) 0.83 0.85
Th (ppm) 0.61 0.65

SGR (API) 0.57 0.69
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4. Conclusions

We presented a new approach to improve SGR forward mod-
eling by considering minerals with K40, Th232, and U238 content 
as radioactive sources that are uniformly distributed in the rock; 
furthermore, the measured radioactivity is proportional to the 
concentration of radioactive minerals, and the radioactivity 
is only attenuated by absorption of gamma-rays. The forward 
modeling approach foundation is based on radioactive attenu-
ation theory.

The SGR forward modeling was tested in a synthetic rock 
of sandstone with clay minerals and brine-saturated pores to 
analyze the sensitivity to variations of illite/smectite and illite/
mica mixtures over SGR. The results show that illite/smectite 
and illite/mica ratio variations impact the simulated K, U, Th, 
and SG. Thus, to determine the corresponding mixtures, it is 
recommended to include K, U, and Th in addition to SGR in the 
forward modeling. Moreover, the nonlinear trend between SGR 
versus clay concentration depends on the rock’s bulk density.

Finally, we tested the proposed modeling for 44 core sam-
ples from four wells, where 22 correspond to shale gas and 22 
to clastic formation. We evaluated the misfit using the Pearson 
correlation coefficient. For K, U, and Th, a strong correlation of 
0.82, 0.83, and 0.61, respectively, is obtained, and a moderate 
correlation of 0.57 for SGR. However, the respective correlations 
improved to a strong correlation of 0.87, 0.85, 0.65, and 0.69 
after joint inversion for the unknown illite/smectite and illite/
mica mixtures. The strong correlation between the simulated 
and observed K, U, Th, and SGR support the viability of the 
proposed SGR forward modeling approach.

The proposed approach allows us to dispense with empirical 
equations and can improve petrophysical evaluations of oil res-
ervoirs by quantifying the concentration of radioactive minerals, 
even distinguishing between clays and the presence of feldspars 
in hot sands, and the organic matter content can be calculated in 
formations with organic richness. Furthermore, it can be useful 
to identify the abundance of fractures in carbonate formations, 
since with the proposed approach a lower density with a higher 
radiative response can be modeled.
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